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Fundamental Concepts and Dirac Formalism in Quantum Mechanics!

The Dirac formalism is a general and abstract formulation of quantum mechanics (QM), which
includes wave mechanics and matrix mechanics as special cases. The value of the wave function
in a point, ¥ (x), or the elements a; in a column matrix, can be seen as coordinates for an abstract
vector W, which contains all information about the state of the system.

A physical state is represented by a state vector
in a complex linear vector space in N dimensions.

Dimension = the number (#) of possible results of a measurement of the dynamical variables
that characterize the system, e.g. N = 2 for spin of spin-1/2 particle, N = oo (non-denumerable,
Hilbert space) for position of particle in space.

Notation: ”ket” |a) (« specifies the state, e.g. spin, position etc, c.f. ¥,)

Sum: |a) + |3) = |7), i.e. a ket vector
Multiplication with complex number: ¢|a) = |a)c = |7'), i.e. a ket

Postulate: |a) and c|a) represent the same physical state, i.e. the "direction” contains informa-
tion but not the "normalisation”.

Scalar (inner) product

In wave/matrix mechanics "order” matters, e.g. (¢¥g,%s) = [ dz V5(2)a(z) = (Yo, ¥s)
In a complex linear vector space one must distinguish ”prefactors” and ”postfactors”.
The scalar product is antilinear and linear with respect to these.

Linear operator: A1ty + cathe) = 1 Athy + co Ao

Anti-linear operator: A(c11; + cathe) = ¢ Ay + ¢ Ay

Let pre- and postfactors be vectors in two different complex linear vector spaces; which are anti-
linearly related: ket space with ket vectors |«), bra space with bra vectors («|

There is a unique anti-linear dual correspondence (DC) between these vector spaces:
) «— (B] (note, same ) and ¢, |@) + c5|B) «— ¢, {a| + cj (B3]

Scalar (or inner) product: (§|a) (i.e. "bra-c-ket”) is a complex number (§|a) = (a|3)"
Norm ||a|> = (a]a) = {a|a)” is real
Postulate: positive definite metric ||af|* = (a]a) > 0

Normalized vector |&) = |a)/+/(a|a)
|a) and |3) orthogonal if (a|3) = (B|a)* =0

'Lecture notes on Quantum Mechanics, advanced course at Uppsala University, corresponding to 1st chapter of
J.J. Sakurai, Modern Quantum Mechanics
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Operators (D observables)

Operator X acting from left/right on ket/bra gives new ket/bra: X|a) = |o/), (5| X = (|

X =Y iff (=if and only if) X|a) = Y|a) for arbitrary (i.e. all) |a)

Hermitian conjugate X' defined through the dual correspondence X|a) «+— (a|XT

Hermitian operator X = X' | i.e. X|a) «— (a|X

c.f. Hermitian conjugate in wave mechanics [ day(z) Xo(z) = [ do(XTs(x)) a(x) (1)
Addition: (a) X +Y =Y + X commutative

X+(Y+Z)=(X+Y)+Z associative

XY # Y X non-commutative in general

)
)
) X(YZ) = (XY)Z associative < postulate/axiom
¢) (XY)t = Vixt

®

Multiplication:

(b
(a
(b
(

IIL.,

In Dirac (1) becomes (5] (X|a)) = ((B|X) |«

) <
Hence (8| X|a) = (6] (X]|a)) .0¢ {({a|XT) |8)} = (| XT|B)" (see (1.2.38-39) in Sakurai)
Therefore X Hermitian < (3| X|a) = («| X|3)"

(B X|e), which is a complex number (c-#).

The associative axiom also gives (|8)(a|) |7) = |8) ({a||v)) = |5){a|vy) Here, |5){a| can be seen as
an operator acting on ket |y) giving new ket vector in direction |3).

Observables

Theorem: (in linear algebra) The eigenvalues to a Hermitian operator are real, the eigenvectors
corresponding to different eigenvalues are orthogonal. (Proof: Sakurai p. 17.)

Every physical, measurable quantity (dynamical variable) is represented by an operator (acting on
ket space) with specific properties, e.g. real eigenvalues and expectation values, and must hence
be Hermitian. Called observable, denoted A, B,C'. ..

A ket is an eigenvector (eigenstate) to A if A|a’) = d’|a’), where @' is an eigenvalue to A.
A has eigenvalues a/,a” . .., i.e. Ald'y = d'|d), Ala") = a"|d"), ...
One uses orthonormal eigenvectors to observable A, i.e. (a’|a”) = §gran

Postulate: the set of eigenvectors {|a(”)} to an observable A constitute a complete basis in
ket space.

Thus, every state vector |a) can be expanded in the eigenvectors to a Hermitian observable A
lay =Y carld’) or 3, ¢;la!?) (superposition principle)
The ket space is ”spanned” by the eigenvectors. The expansion coefficients ¢; are obtained from

(@Pa)y =32, ci{aP]a) = ¢; = |¢; = (aVla)

i.e. the scalar products with the basis vectors (c.f. an ordinary vector ¢ = Z (Z-0)+¢ (y-0)+2 (2-7)).

Hence, one can write |a) = >, |a®)(a?@]a), where (a!?|a) are the coordinates in the basis {|a(V)}.
Here, Y, [a?)(a¥| can be seen as an operator acting on |a), and since |a) is arbitrary one obtains

>~ 1a@)(a| = 1| which is the completeness relation, very useful!!!
Example: [|af|? = (a|a) = (o] Y2, [aD)(aD||a) = 3, (a|aD){aP|a) = [using (aP|a) = (ala™)7]
= > Hala) > =37, e

Projection operators: (|a)(a|)|a) = ¢; [a?), i.e. the component of |a) in direction |a().
Let A; = [a®)(a| and the completeness relation can also be written Y. A; = 1




G. Ingelman: Fundamentals and Dirac formalism in QM 3

Matrix representations

Complex linear vector space, vectors |a)
Basis: eigenvectors |a(?) to observable A, i.e. |a) = . ]a®)(a?P|a) where ¢; = (aD|a) are the
coordinats in this basis.

The ket vector’s coordinate representations in different bases relates the Dirac state vector to
Heisenberg’s matrix algebra or Schrodinger’s wave mechanics.

The Dirac state vector is represented by (=) a column matrix (vector)

1 0 (aW]a)
] 0 R | (@@
)y =1 o [ la®)=] ¢ | - 5 lo)= (a®]a)

The state vector is thus represented by its coordinates in different bases. These coordinates depend
on the chosen basis, but for any basis they provide complete information on the state.

An operator X is represented by a matrix: |y) = X|a) «—

The coordinate in direction [a®) is (a®|y) = (a@|X|a) = 3. (aD|X[aP){aP|a) which can be
interpreted as matrix multiplication with (a(?|X|a")) a matrix element with index 7 (j) running
over rows (columns):

<a(1)’X’a(1)> <a(1)’X’a(2)>
x = | (a?]X[a®) (a®?|X[a?)

A bra vector, (8] = Y, (Bla?)(al?], is represented by a conjugated row matrix
(8] = ((Bla®), {(8la®), ) = (aD]8)", (@]8)", )

The inner product (f|a) = (—,—,---) | — | = complex number.

The outer product gives a matrix, i.e. an operator [3)(a| = >, > 1Y (aD|B){ala?))(aD)| =

(@V18)(aM]a)” (aM]B)(a]a)” - (a]3)
(@?18)(@]a)” (a@[B)(aP|)” - | = | (@®[B8) | ((@W]a)", (@@]a)7,- )
An observable A is represented by a diagonal matrix in its own eigenvector system (a(”|A|a")) =
a 0
a9 (a®]aD) = a5, = A = 0 a®

This gives, e.g., A =, 3[a@)(a?[A]a")) (aV)| = 33, aD]al) (oD | = 37, a A,



G. Ingelman: Fundamentals and Dirac formalism in QM 4

Observable and eigenvalues «— physical measuring process

Measurement of a physical variable corresponding to observable A
gives the eigenvalues of A as the only possible results.

e discrete eigenvalue spectrum: measurement gives a¥,i = 1,2, ... (quantization)

e probability for outcome a(¥ given by the (normalized) state |a) before measurement:
a) = 3=, [a®)(a®]a) "5 probability = |(a®]a)? = |c?

e measuring process changes the state, which goes into an eigenstate of A:

o) ATREE ) (D) the wave function "collapses” (unless |a) already = |a®))

Determination of probabilities [(a(?|a)|> require many measurements on identical systems,
i.e. prepared in state |a) ("ensamble”).

Definition: the expectation value of A with respect to state |«) is the mean value of the results
of many measurements: (4) = {(afAla) =37, > (ala) (@D |AlaD) (aD]a) = 3, aD[(aD]a)?

e the cigenvalues a”) are independent of |a), |a) gives probability for outcome a”

e distinguish eigenvalue and expectation value, the expectation value is a weighted sum of
eigenvalues and is not quantized

Example: Stern-Gerlach measurement of spin 1/2 system
Measuring the spin along a quantization axis, e.g. z, corresponds to applying the operator S,
) 5o [Sat) = |+ 02 (Ser-+o)

1S:, =) == 1/2) (52, —|a)[?

A source gives spin 1/2 "particles” (e.g. electrons or atoms with total angular momentum 1/2),
giving the initial state |@) which can be expanded in eigenfunctions to the observable S, as
la) = c4|S.,+) + ¢c_|S,,—). The beam of particles pass a Stern-Gerlach magnet (SG), which
splits it into the two eigenstates of the corresponding spin operator (e.g. S,). One of the emerging
beams can then be blocked and the other goes into another Stern-Gerlach magnet:

with probability

‘SZ +> |SJ?7+) |SZ7+
Z’ Z?

source]- - [8Gsi S 15,y B ESREN o
(a) (b) (c)

(a) repeated measurement of S, gives |S,,+) with probability =1.

(b) measurement of new variable S, gives two possible outcomes |S,,+) or |S,, —) with proba-
bility 1/2 each. The state is changed and the information on S, is destroyed.

(¢) measurement of new variable S, gives |S., +) or |S,, —) with probability 1/2 each. The state
is changed again and the information on S, is destroyed.

One cannot have simultaneous information about the x and z components of the spin. S, and S,
are incompatible observables.

Compatible observables: [A, B] = AB— BA = 0 simultaneous measurable with arbitrary accuracy
Incompatible observables: [A, B] # 0 not simultaneous measurable with arbitrary accuracy
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Theorem: [A, B] = 0= A and B have common eigenvector system, i.e. common basis.

Proof: Bla®) = > > 1@ (@D Bla®) (a®]a®) = [aD)(aD|Bla®) = bD]a?) i.c. [a?) is an
eigenvector to B with eigenvalue b®) = (a(?|Bla®™). The derivation used (a®|a)) = §,; and
(aW|Bla®) = 0 if a¥) # a® which follows from [4, B] = 0 giving 0 = (aV)|[A, B]|a®) =
() — a®)(a|B|a®) (see further Sakurai p. 30).

Let |a’, ') be eigenket to A and B, i.e. Ald',0') = d'|a’,V') and Ala’, V) = V|, V)

|a> 1: m@)re A |a,7 b,> 2: mﬂre B |CL,, b/> 3: mﬂre A |CL/, b/>

1. Measure A — result: @’ and eigenstate |a’, ')
2. Measure B — result: o’ with probability 1 and eigenstate |a’, ") (unchanged)

3. Measure A — result: o' with probability 1 and eigenstate |a’,b’) (unchanged)

System in state where A and B exactly measurable simultaneously. The observables do not affect
each other.

Example: Orbital angular momentum operators L2 and L, with eigenvectors [¢,m.).
Degeneration: two or more linearly independent eigenkets to A with the same eigenvalue.

A complete set of commuting observables A, B, C'. .. lifts the degeneration completely and the com-
mon eigenvectors |a’, b, ¢ ...), which are uniquely determined by the quantum numbers o', ', ¢ . . .,
defines a basis.

Theorem: If [A, B] # 0, then A and B cannot have a complete set of common eigenvectors.
(Proof: see Sakurai p. 32)

Subspace with common eigenvectors may exist, e.g. [ =0, m, = 0) is common eigenvector to
L* L, and L,, L,.

Dispersion = variance = mean square deviation of A is
((AA)?) = ((A—(A))?) = ((A* — 24(4) + (4)?)) = (4%) — (4)°

and specifies the "uncertainty” of the variable corresponding to operator (measurement) A.

Since (...) = (a]...|a), ((AA)?) =0 for an eigenstate (|a) = |a’)) to A.

Uncertainty relation (derivation Sakurai p. 35-36) (AA)*((AB)?) >

PAB) (@)

Note: coefficient 1/4 exactly specified. This is generalisation of Heisenberg’s uncertainty relation
for z and p (and E,t).

If [A, B] # 0, then A and B cannot be determined exactly simultaneously — the measurements
corresponding to A and B affect each other.

If system is an eigenstate to A, then ((AA)?) =0 = ((AB)?) — oo, i.e. B is totally undetermined.
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Change of basis

Different bases, given by the eigenvectors to different incompatible complete sets of observables,
gives different coordinate representations of arbitrary state vector |a). The coordinates in different
bases are called different representations of |a).

(Erla)
Example: Energy representation |a) = | (E2|a) | or position representation o () = (z|a).

Simple to change basis in Dirac formalism

Two incompatible observables A and B with complete basis systems {|a¥)} and {[b®)} are
related via a transformation operator U, [b7)) = UlaW) = 3" |a®)(a®P|U]aP) where i,j = 1,2...

The transformation matrix has elements U9 = (a®|U]a")) = (a®|b1)), i.c. given by the scalar
products of the bases.

If orthonormal bases UUT = > Ula®)(a®D|UT = 3, [0V 0D = 1, ie. Ut = U = Uisa
unitary operator which conserves the norm of states: |3) = Ula) = (8|8) = (a|UTU|a) = (a|a).
Transformation of the coordinates for [a): (bP]a) = 37, (09 [aD) (@M ]a) = 37, (@D|UT|a®) (al]e)
> (UH" (aP]a). Varying j gives the matrix equation

ey | = - @i (a]a)

Physically: if the probability distribution in one variable (A) is known, one can obtain the
probability distribution in an arbitrary (=any) variable (B). Not surprising since |«) contains the
complete information about the system.

The matrix elements of arbitrary operator is transformed according to (bW |X|[p)) =
5 5, (00N X W BO) = 3,5, (a0 atm ) atm X o) (0|0,
i.e. (X't = (UT)yimXmrm™, Varying j,4 gives the matrix equation X’ = UTXU, where X' is
in the {|6¥))} basis and X in the {|al?))} basis. This is a similarity transformation of a matrix as
in linear algebra.

Trace of an operator is the sum of the diagonal elements tr(X) = Y, (a”|X|a™), which is
conserved in a unitary transformation.

Continuous eigenvalue spectra

For example position, momentum etc. (but also energy etc is not always quantized).

Eigenvalue equation: £[£') = £'|¢') where £ is the position operator and £’ is its eigenvalue giving
the position in ordinary space of the system (e.g. a particle).

Use above formalism for discrete spectra with replacements: y, — [d¢ and 6;; — d(§'—¢”)

Giving: (a(i)|a(.i)) =0;; — ({I¢") =46 —¢&")
Yo laM e =1 — [d¢' |V =1 completeness relation
lay =Y, [aM) (@D ]a) — |a) = [d& &) (E ) expansion in eigenvectors
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Position representation and position measurement

Consider first one dimension z. Position operator z|z') = z'|2")

Postulate: eigenvectors of position operator constitute a complete basis.

Thus, an arbitrary state vector can be expanded as |a) = fj’f‘” dx' |2')(2'|o) with expansion
coefficient ¢,y = (2'|a) and [(2'|a)[*da’ = probability to find particle in [/, 2’ + da’]

Normalisation (aja) =1 = ff}"‘” dx’ (a|a’)(x'|a) = 1, i.e. probability=1 to find particle
somewhere in available x’-interval.

The state vector’s expansion coefficients in position space is the wave function (z'|a) = 1, (')

Scalar product (f|a) = [ da’ (B]2") (2| ) Bles =’ fd 2’ Y5 (a' )b ('), "overlap integral” giving
the probability to find state |a) in state |3), or vice versa.

The position operator is, in its own basis, represented by a diagonal "matrix” (z”|z|z’) = /(2" |2") =
x/d(m// _ x/)

General operator f(x): (z”|f(z)|z") = f(x’)é(x”—x/)
Expectation value: ﬁ|A|oz fda: [ dz"(Bla") (2| Alx") (2" |e) = [ da’ [ da"s(x < "NA|xYho ()
Spec. for A= f(z): (3|7(x)|a) = ['da’ [ da"(Bla") (/| () 2"} (a a) = [ daiiy(a") f (' Yoro)

Generalisation to 3-dim: |f’ ) = |2', 9/, 2') simultaneous eigenvector to operators x,y, z

e|7) = 2|7, yl7) = YT, 2|d) = L) e T = 2T
If [z,y] = [y, 2] = [z, 2] =0, then x,y, z have common eigenvectors.
Normalization: (#|7") = §3(& — 7")
Completeness relation: [ d2’ |7)(7] =1

Expansion in eigenstates: |a) = [ d7 |77)(Z’|a), where the expansion coefficient (Z'|a) = 1o (Z)
is the wave function in 3 dimensions.

The translation operator: Infinitesimal translation 7 (dz')|z') = |2’ + dz'). Properties:

1. conservation of probability = conservation of norm = 7 unitary (77 =7 1)
(ala) = (a|TT|a)

2. successive translations 7 (dz”)7 (da') |2’y = T (dz")|x" 4+ da') = |2" + da’ + d") = T (dx" + da')|x")
3. inverse < opposite direction translation 7! (dz’) = T (—dz’)

4. dx’ — 0 gives the identity operator, i.e. limgy 07 (dz') =1

A unitary operator can be written U = ¢! (i’;!)Q + ... where A is a Hermitian operator.
This gives UlU = e i4Teid = ¢7ideid = | = ¢ide=i4 = UUT je. U is unitary and satisfies
condition 1.

A linear in do’ = 2 is satisfied. With 7 (dz') = e~ =1 —ikda’ + ... condition 3 and 4 OK.
What is k7
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Examine |o/) = 7 (d2')|a): Yo (2') = (2'|a’) = (2'|T (d2')|a) "= i "2 — da!|a) = o (2! — da)
(hint: (2/|T (d2") <5 TH(da')|z') = T (da')|2') = ( d')|o') = |’ — da) LY — dr'))
Thus, underlined parts give (2|1 —ikdx’ + ... |a) = (2’ — d2’). Using in the left-hand side
(LHS) that ¢ and dz’ are numbers (not operators) and can be moved out from brackets, and
Taylor expanding the right-hand (RHS) gives the equation
(@'|a)y — i(2|k|a)yda' + ... = Ya(2)) — Lo (2)da’ + ...

Since dz’ can be varied, this equation implies that terms of the same order in dz’ on both sides
have to be equal. Thus, equating the first order terms gives

(@'|kla) = —igntba(@’) (= —igp(2|o)) (3)
Sakurai (p. 46) shows [z, 7 (dz')] = dz’, which gives [z, k] = i. Since [z, p] = ik it is reasonable to
let k =p/h= 27r/)\ (wave number). This gives

(Blple) = [ da’ (Bla') (2’ |hkla) = [ da’ ¥5(a') (—ihg) vala’)

where eq. (3) has been used in the last step which displays the momentum operator in position
space representation: —ih%

The uncertainty relation (2) then specifies exactly ((Az)2)((Ap)?) > 1 [([z,p])|* = h2/4

Thus, the momentum operator p is the generator for translations in position space and the in-
finitesimal translation operator is 7 (dz') = 1 — i%da’

(c.f. canonical transformations in classical mechanics, where generalized momentum p generates
transformations ¢ — ¢ + dg in the corresponding generalized (conjugated) coordinate q.)

Finite translation: 7(Az’) = limy_« (1 — %AT‘C,)N = exp (—2Az’)

Generalisation to 3-dim: 7 (dx’) =1 —ip’- dz’/h and T (AZ") = exp (—%’Af’)

The momentum representation

Dynamical variable p «— operator p. Basis p|p') = p'[p)
Vector |a) = [dp’ [p')(p') ;[(p'|a)|*dp’ = probability p € [p/, p’ + dp']

Wave function in momentum space @, (p’) = (p'|a)

Coordinates in position and momentum representation related: (z'|a) = [dp’ (2'|p') (p'|e)  (4)
——
*
* interpreted as transformation "matrix” from |z’)-basis to |p’)-basis
* also wave function for momentum eigenstate |p’)

Since (2'|p|p’)y = p/(«'|p’) and, using eq. (3), the LHS can be written —ih%(ﬂp’) and one obtains
the very simple first order differential equation

—ihg (@'l = o' (2'[p')
with the solution (2'|p’) = N exp (ip’z’/h), where N = 1/+/27h from the normalisation condition.
This is the plane wave obtained without solving a second order Schrodinger equation!

Equation (4) can then be written
Galw') = N [ dyf €7/ 04 1)
which is the Fourier expansion of ¢,(z) in eigenfunctions N e
|a) in p-space is
0o (p) = (Pf|o) = [ da’ {plla’)(@'|e) = N [ da’ eV ey (a)

1.e. the Fourier transform is contained in the Dirac formalism.

w'#'/h o p. The wave function of



