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0. Introdu
tionQuantum s
attering in 3 dimensions will be studied through numeri
al so-lution (using MATLAB) of the S
hrödinger equation for a nu
lear physi
smodel problem, the s
attering of an alpha parti
le o� the nu
leus 12C. Theintera
tion potential is assumed to have a Woods-Saxon form,
V (r) + iW (r) = V0

1

1 + e(r−RV )/aV

+ iW0
1

1 + e(r−RW )/aWIn this potential, the imaginary part simulates the loss of parti
les fromthe elasti
 
hannel due to various nu
lear rea
tions. Properly, the Coulombintera
tion should also be in
luded, but this is not done here.It is a primary goal of nu
lear phenomenology to determine the parametersof the potential from measurements of the di�erential 
ross se
tion dσ/dΩ.For this purpose, dσ/dΩ is 
al
ulated for a range of parameters, and theset that gives the best �t to the experimental numbers is sele
ted. Here, itwill be veri�ed that su
h a sele
ted set of parameters1 indeed reprodu
es themeasured values well.The study has three parts.1. In the �rst, quantum s
attering 
on
epts are introdu
ed and studied,and the MATLAB 
ode is provided.2. In the se
ond part, the S
hrödinger equation is solved in detail, startingwith an intera
tion potential, and ending up with a di�erential 
rossse
tion whi
h is 
ompared to experimental data. In this step, someMATLAB 
ode is provided, and some is suggested, but the detail issu
h that at the end you should be able to say: I know how to solvethe S
hrödinger equation in 3 dimensions on the 
omputer, for a simplebut realisti
 
ase.3. In the third part, further insight into quantum s
attering is o�ered.For this part, a somewhat more elaborate set of 
ode has been 
om-bined with a graphi
 user interfa
e into a MATLAB pa
kage namedqme
h, thus allowing a more streamlined investigation. The highlightis a movie showing the s
attering of a 3D quantum wavepa
ket.
1
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1. Quantum s
attering 
on
epts1.1 The shape of the potentialOpen the pa
kage qme
h by entering qme
h at the MATLAB prompt. Pushthe button 'S
attering in 3D' and then the button 'Potential'. Chose alphaand 
arbon-12 as your parti
les.IMPORTANT:swit
h o� the Coulomb potential by handby putting one of the 
harges equal to 0.For potential, 
hoose 'Woods-Saxon'. The parameters of the potential 
anbe 
hanged by typing new values in the editable �elds, or by using thesliders. Play with the parameters, and answer the following three questions(hint: use words like range, depth, and di�useness):Q1.1. Whi
h feature of the potential is a�e
ted if the parameters
V0 and W0 are varied?Q1.2. Whi
h feature of the potential is a�e
ted if the parameters
R and a are varied?Q1.3. How 
an the potential be made to look like a spheri
al wellwith a �at bottom and a very sharp boundary?Before leaving this window, set the parameters to 
orrespond to thealpha-12C system at 129 MeV 
enter of mass energy (enter alphaC12par atthe MATLAB prompt),
V0 = −116.51 MeV W0 = −16.94 MeV
RV = 2.559 fm RW = 4.165 fm
aV = 0.8313 fm aW = 0.5277 fmQuestion: Is this a very deep potential?Answer: Not parti
ularly, 
onsidering the total energy.Question: Why is this type of potential referred to as an opti
al potential?Answer: It has the same shape as the index of refra
tion of a (not entirelytransparent) ball of glass.
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Question: Is the quantum s
attering from this type of potential similar tothe s
attering of light from su
h a glass ball?Answer: Yes, to quite some extent!1.2. Is the s
atterer big or small?In any wave s
attering problem, it is useful to know if the wavelength islarger or smaller than the size of the s
atterer.Find the wavelength 
orresponding to alpha-12C s
attering at 172.5 MeValpha lab energy, and 
ompare this value to the extension of the potential.For this purpose, prepare the MATLAB m-�le M1_wavenumber.ma

ording to the 
ode below.MATLAB 
ode for M1_wavenumber.m MATLAB 
omments
learhbar
 = 197.329 % ~c in Mev fmm1 = 3727.3 % alpha mass in MeVm2 = 11175 % 12C mass in MeVmred = m1*m2/(m1+m2) % the redu
ed massElab = 172.5+[-160:160℄; % lab energy in MeVE
m = m2/(m1+m2)*Elab; % 
m energy in MeVk_all = sqrt(2*mred*E
m)/hbar
; % wave number in fm−1% Eqn A.5.11lambda_all = 2*pi./k_all; % wavelength in fmk = k_all(161)lambda = lambda_all(161)save sparning hbar
 mred k % save for later use%The rest is plottingfigureplot(Elab, lambda_all)title('wavelength as f
n of Elab')
learRun the 
ode by entering M1_wavenumber at the MATLAB prompt.Q1.4 What do you �nd for the wave number and the wavelength?Q1.5 Compare the wavelength to the extension of the potential.Why is this an interesting thing to do? What kind of phenomenado you expe
t if the wavelength is about the size of the diameterof the potential well? (If you have time, you may investigate this pointfurther in part 3.) 4



1.3. The S
hrödinger equationFor a two-body system, the relative motion S
hrödinger equation has theform
(

− ~
2

2µ
∇2 + V (r) + iW (r) −E

)

ψ(~r ) = 0 (1)where µ is the redu
ed mass. In a s
attering problem one is interested insolutions that at large r behave like (Eqn 7.1.33)
ψ(~r ) → N

(

ei
~k·~r + f(~k′, ~k)

eikr

r

)The plane wave part ei~k·~r 
orresponds to a probability 
urrent (Eqn 2.4.16)
~j(~r ) =

~

µ
Im

(

ψ∗(~r )∇ψ(~r )
)

=
~~k

µ
ρ(~r ),that �ows in the k̂ dire
tion, and represents an in
oming parti
le withmomentum ~p = ~~k and energy E = p2/2µ (properly, one should introdu
ewave pa
kets, et
).The se
ond part is asso
iated with a probability 
urrent (at r → ∞)

~j(~r ) =
~k

µ

r̂

r2
|f |2ρ(~r )that �ows out from the s
attering region, and represents the s
atteredparti
les. It gives rise to a dete
tion rate in a distant dete
tor that dependson the s
attering amplitude f . If the rate is normalized to the in
oming�ux, one is left with the di�erential 
ross se
tion

dσ

dΩ
= |f |2as a measure of the s
attering ability of the potential (Eqn 7.1.36).Typi
ally, the results of s
attering experiments are reported in terms of thisquantity.A major obje
tive of the present study is to see how f and the di�erential
ross se
tion 
an be obtained from the numeri
al solution of theS
hrödinger equation.Often, and as is the 
ase here, f(~k′, ~k) and dσ

dΩ
only depend on the s
alar

~k′ · ~k, but not on the dire
tion ve
tor given by ~k′ × ~k.5



Q1.6 If ~k = ẑ and ~k′ = k sin θ cosφx̂ + k sin θ sinφŷ + k cos θẑ,why doesn't f(~k′, ~k) depend on the azimuthal angle φ?For the alpha- 12C system at 172.5 MeV alpha lab energy, experimentaldi�erential 
ross se
tions, 
onverted to 
enter-of-mass quantities, areavailable for s
attering angles between 6 and 60 degrees. Look at theexperimental results by typing at the MATLAB promptMATLAB 
ode MATLAB 
omments
>> plot_data % Experimental dataNote the logarithmi
 s
ale, i.e. be sure to appre
iate how fast the 
rossse
tion drops when the dete
tor is moved out from the forward dire
tion!Q1.7 Suppose it takes 1 min to get N 
ounts in a dete
tor at 6degrees. How long time will it take to get the same number of
ounts at 60 degrees?
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2. From potential to 
ross se
tion2.1. How to solve a PDE in 3 variables?Sin
e the form of the S
hrödinger equation is rotationally invariant, it isnatural to introdu
e spheri
al 
oordinates (Sakurai, Appendix 5). Thesolutions, however, will in general not be spheri
ally symmetri
 (why?), andit is useful to expand them in a suitable 
omplete set of angular fun
tions.Question: Whi
h angular fun
tions are the best?Answer: The eigenfun
tions of (the angular part of) ∇2, i.e. the spheri
alharmoni
s Y m
l (θ, φ), sin
e in this 
ase the resulting ordinary di�erentialequations for the expansion 
oe�
ients be
ome the simplest (i.e. not
oupled)!Also the boundary 
ondition must be expanded in the same set of angularfun
tions. But the boundary 
ondition is 
ylindri
ally symmetri
.Therefore, the simplest expansion is obtained if the polar axis of thespheri
al 
oordinates is 
hosen along the symmetry axis, i.e. along thedire
tion of the in
oming 
urrent, k̂. In su
h a 
ase, the in
oming planewave depends only on the polar angle θ and not on the azimuthal angle φ,and in the expansion in spheri
al harmoni
s only terms with m = 0
ontribute,

Y 0
l (θ, φ) =

√

2l + 1

4π
Pl(cos θ)(Eqn 7.6.4), i.e. the expansion of the in
omimg plane wave redu
es to anexpansion in Legendre polynomials (Eqn 7.5.18),

eikr cos θ =

∞
∑

l=0

il(2l + 1)jl(kr)Pl(cos θ). (2)where jl(kr) denotes a spheri
al Bessel fun
tion. As a 
onsequen
e, theexpansion of the full solution to the S
hrödinger equation 
an also belimited to an expansion in Legendre polynomials in cos θ ,
ψ(r, θ)=

∞
∑

l=0

il(2l + 1)
ul(r)

r
Pl(cos θ) (3)In the next step, the radial wave fun
tions ul(r) are to be determined. First,however, a short digression on Bessel fun
tions and Legendre polynomials.
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2.2. Spheri
al Bessel and Legendre polynomialsIn the pa
kage qme
h there are MATLAB m-fun
tions s_
ode34 ands_
ode33 de�ned that generate plots of the spheri
al Bessel fun
tions jl(x)and yl(x) (= nl(x)).MATLAB 
ode MATLAB 
omments
>> s_
ode34 % jl(x)
>> s_
ode33 % yl(x)Run these m-fun
tions, look at the plots, 
onsult the textbook (Sakurai,Appendix 5), and answer the question:Q2.1 How do jl(x) and nl(x) behave when x → 0 and when

x→ ∞ (i.e. how fast does jl(x) → 0, et
.)?The Legendre polynomials are displayed by the m-fun
tion s_
ode31. Runthis 
ode, MATLAB 
ode MATLAB 
omments
>> s_
ode31 %Pl(x)and answer the question:Q2.2 Whi
h are the values of Pl(1) and Pl(−1)? How manyzeros has P7(x)?You should also investigate the expansion of a plane wave in Legendrepolynomials, Eqn (2), and �nd how fast is the 
onvergen
e. To pro
eedwith this point, 
onsider the real part of the plane wave expansion, for some�xed r or θ. For simpli
ity, 
hose θ = 0 sin
e Pl(1) = 1 for all l. The realpart of the plane wave expansion then takes the form (with l = 2n)

cos(x) =

∞
∑

n=0

(−1)n(4n+ 1)j2n(x)This expansion is illustrated through the 
ode legendre_1. Run this 
ode,MATLAB 
ode MATLAB 
omments
>> legendre_1 % 
ode in appendix8



and answer the questionQ2.3. How many terms are ne
essary in order to a
hieve ana

ura
y of about 0.1% in the range 0 < x < 25?Note that the zoom fun
tionality for Matlab plots 
an be very useful here.Choosing instead a �xed value for kr, say kr = 15, the real part of theplane wave expansion is
cos(15 cos θ) =

∞
∑

n=0

(−1)n(4n+ 1)j2n(15)P2n(cos θ)as is illustrated through the 
ode legendre_2. Run this 
ode,MATLAB 
ode MATLAB 
omments
>> legendre_2 % 
ode in appendixand answer the questionQ2.4 How many terms are required in order to a
hieve ana

ura
y of about 0.1% for all angles 0 < θ < π?2.3. The radial equation.After expansion of ψ(r, θ) in Legendre polynomials a

ording to Eqn (3),the S
hrödinger PDE, Eqn (1), in two variables has been 'redu
ed' to anin�nite set of (un
oupled) ODEs for the radial wave fun
tions (
f. EqnA.5.9)

(

− d2

dr2
+
l(l + 1)

r2
+

2µ

~2

[

V (r) + iW (r)
]

− k2

)

ul(r) = 0, (4)supplemented with the boundary 
ondition at the origin
ul(0) = 0.We shall now solve the radial S
hrödinger equation (4) for some partialwaves l and look at the solutions.In order to make use of the ODE solvers of MATLAB, �rst 
onvert theradial S
hrödinger equation Eqn (4) to �rst order form by introdu
ing

u1 = u u2 =
du

dr
,9



whi
h allows the di�erential equations to be written in matrix form like
d

dr

(

u1
u2

)

=

(

0 1
p 0

) (

u1
u2

) (5)where
p =

l(l + 1)

r2
+

2µ

~2

(

V (r) + iW (r)
)

− k2. (6)For l > 0, the boundary 
onditions at the origin require some attentionsin
e both ul(0) = 0 and u′l(0) = 0. However, and as is easily veri�ed,
ul(r) ∼ rl+1 while u′l(r) ∼ rl for small r, i.e. ul(r) → 0 faster than u′l(r) as
r → 0. A numeri
al solution 
an therefore be started at some point r = rmin
lose to 0, with the 
onditions u(rmin) = 0 and (for an unnormalizedsolution) u′l(rmin) = 1 or u′l(rmin) = rl

min.A template for the MATLAB 
ode for solving the radial S
hrödingerequation is provided as M2_S
hrodinger_template.m and 
ontains 
ode foroverhead like overall layout, input/output details, and plotting. Thestandard solver ode45 is used, and the details of the di�erential equation(5) are spe
i�ed in the MATLAB fun
tion myuprim.Create your own m-fun
tion M2_S
hrodinger.m in your work dire
tory,in
lude the template 
ode and supply the missing steps. Make sure torepla
e NN in the legend with your own names! The 
ode for p followsdire
tly from Eqn (6). Note that ode45 
alls myuprim at one r-value at atime, i.e. the variables rr and p in myuprim are not arrays but simplynumbers. The uprim on the other hand, like uu, is a 
olumn ve
tor, in our
ase with two 
omponents.
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MATLAB 
ode for M2_S
hrodinger_template.m MATLAB 
ommentsfun
tion M2_S
hordingerload sparning; % loads hbar
 mred kfigurermax = 20; % solve out to 20 fmlmax = 60; % 61 partial wavesfor l = 0:lmaxrmin = (l+1)�2/(l+10)/50;ustart = [rmin�(l+1); (l+1)*rmin�l℄; % boundary valueoptions = odeset('RelTol',1.e-4);[r,u℄ = ode45(�myuprim, [rmin rmax℄,... % solution to Eqn (5)ustart,options,k,l,mred,hbar
);uend(l+1,:) = u(end,:); % remember u at rmax%plotting:u(:,1) = u(:,1)./max(abs(u(:,1))); % normalizeplot(0,0,r, real(u(:,1)./r), ... % plot radial wave f
nr, imag(u(:,1)./r));title(sprintf('Re and Im of R_l(r)= ...u_l(r)/r for l=%3.0f',l)℄)xlabel('r'); ylim([-0.5 0.5℄);legend('NN has just solved the S
hröd ...equation!','real(R(r))','imag(R(r))')pause(0.2)end % end of l loopsave sparning lmax rmax uend -append % save lmax rmax uendfun
tion uprim = myuprim(rr,uu,k,l,mred,hbar
)V0 = -116.51; RV=2.559; aV=0.8313; % Woods-SaxonW0 = -16.94; RW=4.165; aW=0.5277; % parameters, page 3p = ADD MISSING CODE! % p from Eqn (6)uprim = [uu(2); p*uu(1)℄; % two 
omponents
11



The solution to the radial S
hrödinger equation 
an now be generated, foras many l as are needed. Start your 
al
ulation by enteringM2_S
hrodinger at the MATLAB prompt and run the 
ode till the end,i.e. for all partial waves.From the resulting plots it 
an be seen that it is su�
ient to solve theequation for only a small number of l -values.Q2.5 Can you judge from the plots how many partial waves willturn out signi�
ant when generating the 
ross se
tion? Rememberyour estimate and 
ompare with the a
tual result obtained later.2.4. S-matrix and phase shiftAfter solving the S
hrödinger equation the solution 
an be mat
hed to theknown asymptoti
al expression of ul(r) for large r
ul(r) → r

(

jl(kr) +
1

2i
(Sl − 1)h+

l (kr)
)

=
r

2i

(

Slh
+
l (kr) − h−l (kr)

) (7)(re
all that h±l (x) = −nl(x) ± ijl(x); note also that the nl(x) of Sakurai isusually denoted yl(x) (see Abramowitz and Stegun, Handbook ofMathemati
al fun
tions).The fa
tor Sl is known as the s
attering matrix, or S-matrix. It en
odes thee�e
t of the s
atterer on the outgoing wave in the following sense:
• (i) without the s
atterer, Sl=1;
• (ii) with a real potential, the outgoing 
urrent must equal thein
oming 
urrent, i.e. |Sl| = 1. Sl 
an then be parametrized in theform

Sl = e2iδl . (8)using a real phase fa
tor δl known as the phase shift ;
• (iii) for an absorbing potential, the outgoing 
urrent may be less thanthe in
oming 
urrent. In this 
ase |Sl| < 1, and a usefulparametrization of the S-matrix is

Sl = ηle
2iδl (9)where 0 < ηl < 1.On
e the wave fun
tion has been solved for, the S-matrix 
an be extra
ted.Consider the solution ul(r) at some point r = R well outside the potential,and introdu
e (Eqn 7.6.34)

β = r
d

dr

(ul

r

)

/
(ul

r

)

|R = R
u2(R)

u1(R)
− 1. (10)12



where u1 and u2 in the last equality refer to the two 
omponents of ul(r)introdu
ed in 
onne
tion with Eqn (5). This expression allows β to be
omputed from the numeri
al solution of the S
hrödinger equation.Using now the analyti
al expression from Eqn (7) one �nds for S-waves, i.e.for l = 0, that
u1(R) = N(S0e

ikR − e−ikR)

u2(R) = ikN(S0e
ikR + e−ikR)where N is a normalization 
onstant. From Eqn (10) we obtain

S0 =
β + 1 + ikR

β + 1 − ikR
e−2ikRFor any general l, introdu
e the notation h′±l (x) = d

dx
h±l (x). Then

u1(R) = NR
(

Slh
+
l (kR) − h−l (kR)

)

u2(R) = u1(R)/R+NkR
(

Slh
′+
l (kR) − h′−l (kR)

)and by 
ombining these expressions and using Eqn (10)
β = kR

Slh
′+
l (kR) − h′−l (kR)

Slh
+
l (kR) − h−l (kR)

.Finally, solving for Sl, we get
Sl =

βh−l (kR) − kRh′−l (kR)

βh+
l (kR) − kRh′+l (kR)

(11)(
ompare Eqn 7.6.35). Re
all that h±l (x) = −nl(x) ± ijl(x). By using thenumeri
al values for β obtained from u1 and u2, Sl 
an now be determinedfor ea
h l.A template for the MATLAB 
ode for �nding Sl and δl is provided asM3_Smatrix_template.m. Create your own m-fun
tion M3_Smatrix.m inyour work dire
tory, in
lude the template 
ode, and supply the missingsteps spe
i�
 for the evaluation of Sl and δl a

ording to the equationsderived above.Help 
on
erning the missing 
ode is available in the Appendix.
13



MATLAB 
ode for M3_Smatrix_template.m 
ommentsfun
tion M3_Smatrixload sparningL = 0:lmax; % L is a ve
torx = k*rmax;x1 = x+0.0001;hplus = -sphbessely(L,x)+i*sphbesselj(L,x); % h
(+)
l (kR)hplus1 = -sphbessely(L,x1)+i*sphbesselj(L,x1);hplusprim = (hplus1-hplus)/(x1-x); % derivativebeta = ADD MISSING CODE % from Eqn (10)Sl = ADD MISSING CODE % from Eqn (11)phaseshift = ADD MISSING CODE % from Eqn (9)save sparning Sl -append; % save Sl% The rest is plottingfigureplot(L,abs(Sl)); title('abs(S_l)'); xlabel('l');text(1,0.9,'Push any key to 
ontinue'); pausefigure;plot(Sl); axis equal;title('S_l in 
omplex plane.')text(-1,-1,'Are all points on the unit 
ir
le?');set(g
a,'NextPlot','add', ...'Xlim',[-1.2 1.2℄,'Ylim',[-1.2 1.2℄);for index = 1:(lmax+1)plot(Sl(index),'o','Color','red');t1 = text(-1,1,sprintf('l=%3.0f',L(index)));pause(0.5); delete(t1);end;text(-1,0.9,'Push any key to 
ontinue');pausefigure;phaseshift =fliplr(unwrap(fliplr(2*phaseshift)))/2;plot(L,phaseshift,'o');title('phaseshift (rad) as a fun
tion of l');xlabel('l'); ylabel('\delta_l');Start your evalation of Sl and δl by entering M3_Smatrix at the MATLABprompt and use the resulting plots to answer the questions below.14



Q2.6 For whi
h l-values are the phase shifts signi�
antly di�erentfrom zero?Q2.7 Whi
h property of the potential makes Sl → 1 for large l?Q2.8 How do you explain that Sl is never on the unit 
ir
le, ex
eptwhen Sl = 1 for large l? How would you 
hange the potential inorder to get an 'elasti
 window' where |Sl| = 1 before Sl rea
hes
1.2.5. Di�erential 
ross se
tionFrom the partial wave S-matrix, the s
attering amplitude f(θ) followsdire
tly from Eqn 7.6.17:

f(θ) =
1

2ik

∞
∑

l=0

(2l + 1)(Sl − 1)Pl(cos θ), (12)and the di�erential 
ross se
tion is obtained from Eqn 7.1.36
dσ

dΩ
= |f(θ)|2. (13)As will be seen in the numeri
al evaluation, the di�erential 
ross se
tionmay vary over many orders of magnitude as a result of 
onstru
tive anddestru
tive interferen
es in the partial wave expansion. In 
ases like this, ana

urate evaluation of Sl and the Legendre polynomials is essential.The next step is to evaluate the di�erential 
ross se
tion through Eqn (13)and 
ompare with the measured data points. A template for the MATLAB
ode for �nding dσ

dΩ
is provided as M4_
rosse
tion_template.m. Createyour own m-fun
tion M4_
rosse
tion.m in your work dire
tory, in
lude thetemplete 
ode and supply the missing steps spe
i�
 for the evaluation of fand dσ

dΩ
.Again some help 
on
erning the missing 
ode is available in the Appendix.
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MATLAB 
ode for M4_
rosse
tion_template.m MATLAB 
ommentsfun
tion M4_
rosse
tionload sparningfigurealphaC12datatheta = linspa
e(0,pi,721);f = zeros(size(theta));for index = 1:lmax+1 % add partial wavesl = index - 1;myleg = legendre(l,
os(theta));f = f + ADD MISSING CODE % from Eqn (12)dsigma = ADD MISSING CODE % mb/str;from Eqn (13)%plottingsemilogy(Data(:,1),Data(:,2), '.' , ... % experimental'MarkerEdgeColor',[1 0 0℄); hold on % pointssemilogy(theta*180/pi,dsigma);title(sprintf('in
luding l<=%3.0f',l))pause(0.5); hold offendtitle('Differential 
ross se
tion in mb/str ...as f
n of angle. Log s
ale!');Start your evaluation of the 
ross se
tion by entering M4_
rosse
tion atthe MATLAB prompt.Q2.9 What 
ould be the origin of the os
illatory behaviour atlarge angles?The parameters of the Wood-Saxon potential have been adjusted to a
hievea good �t to the experimental data (re
all, however, that e�e
ts of theCoulomb potential are not in
luded in the 
al
ulation). To investigate thee�e
t of 
hanging the parameters in the potential go ba
k to yourM2_S
hrodinger.m �le and 
hange one of them, say RV, by 20%. Re-runthe �les M2-M4 and look at the �nal result.Q2.10 What happens to the �t after the parameter 
hange?
16



3. Explore quantum s
attering using qme
hIMPORTANT:Before starting this part make sure you have answered all questions above.Conta
t your lab. assistent to have them 
orre
ted before pro
eeding.In the pa
kage qme
h the solution to a s
attering problem in 3D is workedout and visualized using the fa
ilities of MATLAB.1. In whatever window of qme
h you are, push 'Return' until you 
ome tothe S
at3Dmenu. Verify that the potential is to your liking (i.e. not wildlydi�erent from the default potential).2. Alternatively, restart qme
h from the MATLAB prompt as in 1.1.. Feelfree to 
hange the default Woods-Saxon parameters.Warning: restarting qme
h from the MATLAB prompt will 
lear allvariables from your workspa
e.3. In the window S
at3Dmenu, push the button 'Parameters'. Thes
attering problem will be solved for a range of energies. For instan
e,
hose Emin=100, Emax=160 and N=21. If you have 
hanged the potential,you may need to re
onsider the default values for the other parameters. Astep size in r at 0.1 fm should be OK for potentials with range 2-3 fm.Make sure to in
lude a su�
ient number of partial waves. Push 'Return'.4. Push 'Evaluation', and then 'Go', for the 
omputer to solve the radialS
hrödinger equation for as many energies and partial waves as you havespe
i�ed. All solutions are evaluated in one shot.You 
an see how the
al
ulation progresses from r=0 to your 
hosen r-max. If your r-max wasbig enough, all 
urves �atten out. If not, go ba
k and 
hange yourparameters. (The graph shows, as a fun
tion of r, the phase shift 
orresponding to apotential that 
oin
ides with the true potential up to the radius r, but whi
h equals zerooutside this radius. When the 
urves �atten out, all 
ontributions to the phase shift havebeen 
aptured.)5. Push 'Return' and then 'Results'. There are many types of results tolook at.6. First look at the partial wave S-matrix in the 
omplex plane. The 
urvesshow the energy variation of Sl(E) for the various l-values, with the highestenergy at the endpoint 'L='. Note that all 
urves fall within the unit 
ir
le(unless you have a positive imaginary part in the Woods-Saxon potential; if this is the
ase you don't have absorption but rather parti
le 
reation in the nu
leus!).7. Pro
eed to look at the 
orresponding phase shifts as fun
tions of energy(in 2.4 you saw a phase shift at a given energy, as fun
tion of l).17



8. Look at the inelasti
ity. High partial waves 
orrespond to large impa
tparameters, i.e. the parti
le passes through the tail of the potential and thes
attering and absorption is weak.9. Push 'Return' and 'Di�erential 
ross se
tion'. First look at the 
rossse
tion as a fun
tion of s
attering angle (in the 
enter of mass system).Unless your energy is very low, you should see a drasti
 drop from forwardto ba
kward angles (logarithmi
 s
ale!).Push 'as a f
n of mom transfer' to see the same 
urves as fun
tions ofmomentum transfer (i.e. of |~k′ − ~k| =
√
k2 − 2k2 cos θ + k2 = k sin(θ/2) )rather than s
attering angle. Typi
ally, the di�erential 
ross se
tion showsless energy variation when plotted against momentum transfer (mu
h of theenergy variation is absorbed through the energy dependen
e of k!).10. Push '3Dplot' and you will see the same 
urves in a di�erent manner.11. Narrow the energy range to a single value (E=133) , and push 'as f
n ofangle' again. In order to see how the di�erential 
ross se
tion is build frommore and more partial waves, push 'L-dependen
e'. Do you have a su�
ientnumber of partial waves for a 
onverged result? If not, go ba
k and modifyyour parameters, and re
al
ulate the solution. How many partial waves doyou need?12. If you have time, you 
an add the data points by going to the MATLAB
ommand window and typehold on; alphaC12data; semilogy(Data(:,1),Data(:,2),'.'); hold off13. Push 'Return' and pro
eed to '3D Wave fun
tions'. In this window, asingle energy has been 
hosen (the mid-point of your 
hosen interval). Wavefun
tions are evaluated for points in the x-z plane, and 
an be visualized inthree di�erent ways (the green pop-up menu; try them all).14. In 'Real(psi)', the real part of the full wave fun
tion is shown (withouts
attering, this would just be the real part of the in
oming plane wave, i.e.
os(kz)). In 'Real(psi)-movie' the time-dependen
e has been introdu
ed tomake the visualization more suggestive.15. In 'Real(psi-s
att)', the plane wave part of the solution has been re-moved, and only the s
attered part of the full wave fun
tion is shown.16. In 'psi�2' the modulus squared of the full wave fun
tion is shown, i.e.the probability density. Note that for a strongly absorbing potential, theprobability density inside the nu
leus is expe
ted to be small. Is this whatis shown in your �gure? If not, what 
ould be the origin of density enhan
e-ments inside or on the ba
k side of the nu
leus?18



17. If your r-max was somewhat low, you might get more instru
tive graphsif you go ba
k to 'Parameters' and in
rease r-max (and re
al
ulate the solu-tion).18. In 'wavepa
ket movie', the in
oming wave is no longer a plane wave buta wave pa
ket (in the z dire
tion).This movie requires good 
omputer resour
es. For instan
e, if you have 
ho-sen too many grid points in the radial variable (too big rmax and/or toosmall rstep) you may be in trouble here.19. Repeat steps 14-18 but for a mu
h lower energy ( wavelength larger thandiameter of s
attering region).Have fun.
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Appendix
MATLAB 
ode for legendre_1.m MATLAB 
omments
learx = linspa
e(eps,12*pi,101)'; % Note the �nal 'sum(:,1) = 
os(x); % LHSsum(:,2) = zeros(size(x)); % to 
ontain RHSfigurefor n=0:25sum(:,2) = sum(:,2) + ...(-1)�n*(4*n+1)*sphbesselj(2*n,x);plot(x,sum); title(sprintf('n <= %3.0f',n)) % plots both LHSxlabel('Push any key to 
ontinue') % and RHSpauseend
lear; 
lose
MATLAB 
ode for legendre_2.m MATLAB 
omments
leartheta = linspa
e(0,pi,181)'; % Note the �nal 'z = 
os(theta);sum(:,1) = 
os(15*z); % LHSsum(:,2) = zeros(size(z)); % to 
ontain RHSfigurefor n = 0:20myleg = legendre(2*n,z);sum(:,2) = sum(:,2)+(-1)�n*(4*n+1)*...sphbesselj(2*n,15)*myleg(1,:)';felet = (sum(91,2)-sum(91,1))/sum(91,1);plot(z,sum) % plots both LHStitle([sprintf('n <= %3.0f',n) ': ' ... % and RHSsprintf('rel error at 90 deg = %1.3e',felet)℄);xlabel('Push any key to 
ontinue')pauseend
lear; 
lose 20



Hints for the 
ode M3_Smatrix:The evaluation of Sl is to be done for many partial waves (i.e. l-values), and
an be exe
uted in an expli
it loop over l, like inM2_S
hrodinger. This, how-ever, is 
ontrary to the spirit of MATLAB, and instead the matrix handlingpower of MATLAB will be exploited. Therefore, L has been introdu
ed asthe (row) ve
tor of all l−values, and sin
e hplus is evaluated using L, hplusis also obtained as a (row) ve
tor with elements h+
l (kR) for l = 0, 1, ..., lmax.In the same spirit, beta will be a ve
tor of a similar kind. It 
an be di-re
tly obtained a

ording to Eqn (10) using the two ve
tors uend(:, 1) and

uend(:, 2) 
al
ulated in M2_S
hrodinger (and saved in sparning). For thispurpose the MATLAB element by element division ./ is needed (re
all thatif a has elements a1, a2, ... and b has elements b1, b2, ... then a./b has elements
a1/b1, a2/b2, ... ; also available is element by element multipli
ation .∗ andexponentiation .^ ). Note that uend(:, 1) and uend(:, 2) are 
olumn ve
tors,and that e.g. uend(:, 1)′ is the 
orresponding row ve
tor, but with 
om-plex 
onjugated elements. What is needed here is therefore the (row) ve
tor
conj(uend(:, 1)′), et
.Similarly, the ve
tor Sl is obtained a

ording to Eqn (11) using the ve
tors
beta, hplus and hplusprim. Note that h−l (kR) = (h+

l (kR))∗ or, translatedinto MATLAB 
ode, hminus = conj(hplus).The phase shift δl is obtained (element by element) from Sl using the MAT-LAB fun
tion angle.The unwrap and fliplr in the plotting part serve to make δl vary in a smothmanner with l (i.e. prevent jumps of 2π), and to make δl go to 0 (ratherthan, e.g. to −2π) for l → ∞.Hints for the 
ode M4_
rosse
tion:The MATLAB fun
tion legendre(L, theta) allows theta but not L to be ave
tor. In the template, an expli
it loop over l is therefore suggested. Notethat legendre(l, theta) returns both ordinary and asso
iated Legendre fun
-tion, with ordinary Legendre fun
tions in the �rst row. What will be neededin the 
al
ulation of f is therefore myleg(1, :), whi
h is a row ve
tor as longas theta.Re
all fromM3_Smatrix that the element Sl(index) 
orresponds to the par-tial wave l = index− 1.For 
omparison with the experimental points, the 
ross se
tion must be ex-pressed in mb/str. Re
all that 1 barn = 100 fm2.21


