Solutions to exam 2010-12-16: 1FA352 Quantum Mechanics 10 hp 1

Problem 1 (4 p.):

A beam of unpolarised spin 1/2 particles goes through a series of Stern-Gerlach magnets: the
first with field along Z and a slit selecting spin up, the second with field along n having the
angle # to Z in the xz plane and a slit selecting spin up, the third with field along 2z and a slit
selecting spin down. What is the intensity of the final beam relative to the incoming beam?
Hints: The operator |S,; +)(S,;+| projects out the state with spin up along 7.

Se =5 (I =1+ 10D, Sy =i (1) = [H)(=1), 8o = 5 (I {+] = [=) (=D

Solution: Initial unpolarized, normalized state |a) = —= () £[=)). 7 = &sind + Zcosd
andS Spd + Sy + 5.2 gives S, = S -7 = Sysinf + S, COSQ—E(| >( | + |—){(+])sind +

B(4+)(+] = |=)(=]) cosf. Stern-Gerlach measurements: M; = |[+)(+|, My = [S,+)(S, + ]|,
M3 = |-)(—=|. Find |S,+), i.e. solve eigenvalue equation S,|S,+) = §|S +) using Ansatz

|Sp,+) = al+) + b|—) with normalisation condition |a|? 4 |b]? = 1:
SulSnt) = ()= + =)+ sind + (|+)(+] — [=)(=) cos 0] (al+) +b]=)) =
= 2[(bsin6 + acos) |+) + (asind — beosd) |—)] = Z(al+) + b|]—)), such that equating the
coefficients in front of [+) and |—) gives a = cos £ and b = sin £.
Applying the total measurement operator on the initial state then gives the final state |3) =

MsMpMifa) = [=)(=|(al+) +0]=)) (a(+] + 0(=]) [+ 1+ 5 (1+) £ |—>) = ... = zabl-) =
\%cos%sin%]—) Thus, the intensity is I = (3|8) = 3 cos® ¢ sin® & = Lsin?6.

Check: Intensity I > 0, maximum [ = 1/8 for § = /2 and minimum / = 0 for § = 0 which
makes sense physically.

Problem 2 (4 p.):
For an arbitrary energy eigenstate |n) of a harmonic oscillator, calculate the expectation values
of 22 and p?. What physical information can you obtain/calculate from this?

Solution:
For calculating (n|z*|n) and (n|p*|n) express 2 and p? in terms of annihilation and creation

2 2
operators: z? = (@/Qmw(a—I—aT)) = (a + aa’ +afa + af > , PP = (—i,/mT"”"’(a - aT)> =

— el <a2 —aa' —a'a + af ) Thus, we need the matrix elements: (n|a®|n) = /-~ +/-(nln —

2) =0, (nla’|n) = "/ {nln +2) = 0, (nlafaln) = Va(nlalln — 1) = yay/a(nln) = n,
(nlaat|n) = v/n + L{nlajn+1) = v/n + 1v/n + 1{n|n) = n+ 1. This gives (n|z*|n) = - (n+1)
and (n|p?|n) = mwh(n + 3).

From this one obtains the expectation value of the energy: (H) = % + tmw?(z?) = - =
hw (n + %) which is the well known energy of a harmonic oscillator. Another possibility is to
calculate the uncertainties ((Ax)?) = (z?) — (z)? = (z?) and ((Ap)?) = (p?) — (p)? = (p?) since
() = 0 and (p) = 0 from z,p ~ (a £ af). This gives \/((Az)?)((Ap)?) = h(n+ 3), with
minimum %/2 for the ground state, and to be compared with Heisenberg’s uncertainty relation
AxAp > h/2.

Problem 3 (4 p.):
An electron is in a d-orbital (¢ = 2). Give, with motivations/explanations, all possible states
|7m) of total angular momentum j of the electron, expressed in terms of its spin and orbital
angular momentum.
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Solution:
Add orbital angular momentum ¢ = 2 (m, = —2,—1,0,1,2) and spin angular momentum
s = 1/2 (mg = —1/2,1/2) to total angular momentum j = ¢ —s,...,{ + s = 3/2,5/2

(mj =—j,—j+1,...5— 1,5 for j = 3/2 and j = 5/2, resp.) and m; = my + ms. Express
new states (eigenstates to L?,S? J% J.) as linear combinations in old direct product basis
(eigenstates to L?,S? L,,S,) using change of basis via completeness relation: |, s;j,m;) =
mes |0, s3myg, ms) (L, s;my, mg|l, s; j,m;), where the scalar products are the expansion coef-
ficients called Clebsch-Gordan coefficients. Reading them from the table gives (suppressing ¢, s):

j=2,mj =+43) = |my =+2,m, = +3)
J=3mi =43 =3l 2= H sl L4g) T =5m =43 =3I+ 2 -5) — /5l
5= 5omy = +1) = U+ 1=+ /H0+) i=4my = +1) =3+ 1,3 — /Ho.+
j=3my = =3 = /20— +/H - 1,+]) 5= 3mi = =1 = /20,3 = /- 1,+])
p=3mi =0 = H-1-h e H-2+h = dm=—d = b - i -2
j=%m;=-3)=Im=-2,my=—3)

Here one should note the orthogonality between all states, in particular those on the same line
due to the relative + and — signs. To derive all these states, one starts with the "extreme” state
j =3, m; =+2) =1|my = 4+2,m, = +3) with coefficient 1 (chosen real by convention) since
only possibility is maximum m, and m,. Then, one operates with ladder operators J_ = L_+5_
on respective sides giving |j = g,mj = +%> = ... above. Iterating with the ladder operators
gives the following states with j = 5/2. The state |j = %, mj = +?§’) is then constructed to be
orthogonal to |j = %, m; = +g> and have sum of squared coefficients equal unity. The ladder

operators are then iteratively applied to get the remaining j = 3/2 states.

Problem 4 (4 p.):

Find the eigenvectors and corresponding energy eigenvalues of a spin s = 1 system with hamil-
tonian H = AS?+ B(S2 — S7), where A > B are constants. Explain/motivate your procedure
and any approximations used.

Solution:

Since A > B use perturbation theory with H; = B(S2 — S) as perturbation applied to the
unperturbed Hy = A S?. Then, since |s = 1,m = 0,+£1) are eigenstates to S? and S, they
are eigenstates to Hy: Hy|l,m) = AS?|1,m) = A(mh)?|1,m), i.e. energy eigenvalue 0 for |1,0)
(ground state) and Ah? for the two degenerate states |1,41) (first excited states).
Perturbation H; = B(S; — S7) = B(S7 + S?)/2, since Sy = S, +iS,. The non-degenerate
ground state has first order energy shift A{") = B(1,0](52 +52)[1,0) = 0, since 52 attempts to
shift the state up/down in m by two units to m = £2 but there are no such states (m = 0, +1
only). The state |1,0) = 0 is zeroth order approximation eigenvector to H.

For the degenerate states |1, +1), perturbation theory gives the matrix equation

B ([ (1,+1](S2 +82)[1,41) (L+1|(S2+5)|1,-1)\ (a\ _ [ a
5( (1, =1[(S7 +52)1,+1) (1, —=1|(S7 + S?)[1,-1) ) ( b ) —Aé)( b )
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in terms of the first order energy shift Aél) and the zeroth order eigenstates
(0)
)y _ ) g ey = (LFLEYY N e

Repeated use of Ji|j,m) = hy/(j Fm)(j £m + 1)[j,m £ 1) in the matrix equation gives

NS 2 A 2
( BAHZQ BAh(l) ) ( z ) = (0. The secular equation det ( BAHZQ BAha) = 0 then gives
—A} Al

Aél) = £+ BAh?, which inserted in the matrix equation gives Bh? ( :Fll :;1 ) ( Z ) = 0 with

solutions a = =+b, respectively for the positive /negative energy shift. The normalisation condi-
tion |a|? + b2 = 1 then gives a = +b = L ie. [(V) = 75 (1L, +1) £1]1,-1)).

Final result: the zeroth order elgenvectors to H are |1, 0) and -~ -5 (|1, +1) &1, 1)) with ener-
gies 0 and (A + B)h?, respectively.

Problem 5 (5 p.):
Consider elastic scattering of particles with mass m and wave-vector k from the potential
V(Z) = —C5 h2 (47?5( )4k2 =+ e ‘“”) where ¢ = |7] = |k — K| is the momentum transfer,

r=|Z|, and p, C are constants.

a) Show that the scattering amplitude in Born approximation is f,gl)(e, ©) =T W T e

b) Use this result to show that the partial wave amplitude for S-wave scattering in the Born

spprosimation is /" = ¢ [ + 1~ 45 1n (45320

c | a2 ¢ ]

c) Apply to this result the unitarity condition, Re {|k fél)|} < 1/2 for k* > p?, to derive
a limit on the mass Myc? (in units of GeV) of the Higgs boson! This is possible since
the above describes (a contribution to) the elastic scattering WW — WW of W-bosons in
electroweak theory, with m the reduced mass of the WW system, u = Myh/c, and C =
V2G M2t/ (167 (he)?) with Gp/(hc)® = 1.16639 - 107> GeV 2.

Hints: [;° e * sinba dx = b/(a® + b?) f_ll Py(cos @) Py (cos@)d(cos ) = 20, /(2L + 1), Py =1

Solution:
(a) The scattering amplitude in Born-approximation is given by

4rm o 2m 1 A
D0.) = T FVIE =~ 4 [ dre PV

Inserting the two contributions to the potential separately gives:

2 2 2
M (g 2m 1 /d3 1 (k=K h ArnS(7 Ak — €—4k
0= o gy | e O A ) e = e — e

2 2
W (g o) — Q_WL/ds iRy o N
e (095 h? 47 omk

[using polar coordinates with ¢ = k— K along the z’-axis giving ¢ - @ = ¢r’ cos ' where 6’ is
the angle between ¢ and Z' (not to be confused with the scattering angle 6) one obtains]

1 2 2 0 2
//2 / 1 _iqr’ g4 —r’_C [ /—r’_C q
k:47r/ dr /1d(cosé’)/0 dp'etdm s e s —E/O dr'qsingr'e™ R E
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Adding the two contributions gives the result

2 2
100,0) = S |

kol4k2 — 2 " @2 + 2
where ¢ = 2k*(1 — cos ) is the momentum transfer for elastic scattering
(b) The partial wave expansion of a scattering amplitude is given by fi(0,¢) =
>(20+1)fiP(cosf). The partial wave amplitude for S-wave scattering fél) in the Born ap-
proximation is then obtained by multiplying both sides with Py(cosf) = 1 and integrating

over cosf exploiting the orthogonality of the Legendre polynomials, f_ll d(cos0) ,gl)(e,ga) =
[, d(cos8) 3°,(20 + 1) fy Py(cos ) = 2/ which gives (inserting ¢* = 2k2(1 — cos 6))

1 1 2 2
0 = 5/_1d(0080>fk (9,30)—5/_16“6089)? {41@2—M2+q2+u2 -

1 2 2
= <« d(cosQ){L%—l a }:

2k |, 4k2 — 12 o ¢ + 12
A2 2 1 1
- % {4k2k—u2 1= %/1 d<cose)2k:2(1 — cos ) +,u2] -
2 2 2 2
(c) Taking the limit &? > p? gives kfél) = 2C and the unitarity constraint Re {|kf(§1)|} <1/2
becomes C < 1/4, where C = +2GrM3c*/ (167 (he)®). In other words

M%ct < 24/27(he)? /G = 761818 GeV? which gives the limit Myc® < 873 GeV.

Problem 6 (3 p.):

A qubit is a quantum system whose Hilbert space is two-dimensional (e.g. the two polarization
states of a photon). Let |0),|1) be a qubit basis. Now, consider four noninteracting qubits
1,...,4 prepared in the pure state |I') = |W_),, ® |V_),, with [¥_) = \/Li(|01) — |10)) one of
the four Bell states.

a) Characterize the entanglement in |I'), i.e., state which of the qubit pairs are entangled and
which are not.

b) Suppose qubits 2 and 3 are measured in the Bell basis and |¥_) is obtained. What is the
resulting state of qubits 1 and 4?7 Comment on any change of entanglement between 1 and 4.
Is interaction a necessary requirement to create quantum entanglement?

Solution:
(a) Entangled pairs: (1,2) and (3,4). Product state pairs: (1,3), (1,4), (2,3), and (2,4).
(b) Let P =1, ® [¥_),,(V_|,; ® 14 be the projector corresponding to the outcome |¥_) by
measuring qubits 2 and 3. Projective measurement:

PIr)

) — = “I’7>23 @ [W_),

(C|PIT)

Thus, the qubits 1 and 4 have become (maximally) entangled although they have never inter-

acted!

[This phenomenon is called entanglement swapping, see M. Zukowski et al., Phys. Rev. Lett.
71, 4287 (1993).]



