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. Consider an observable A with orthonormal eigenvectors |a’), i.e. Ala’) = d’|d’), and an
arbitrary ket |a) which can be expanded as |a) = 3 cor|d’).

(a) Show that Y, |a')(a'| =1 (Aw = |a’){a’| is the projection operator along |a')).
(b) Show that >, |ca|> = 1, if |a) is normalized to unity.

(c) Show that the operator A can be written in the form A =3, d'|a")(d'|.

(d) Evaluate the expectation value (A) = (a|A|a).

(4 p.)

. (a) Define compatible and incompatible observables and explain the physical relevance of
these concepts.

(b) For an arbitrary energy eigenstate |n) of a simple harmonic oscillator, calculate AxzAp
(where AA = \/<(A — (A))?) = \/<A2) — (A)?) and show that it is minimal for the ground
state. Comment on the physical meaning.

(4 p.)

. Given a system of three spin 1/2 particles, express (with motivation) the total angular
momentum state |j,m) in terms of |my,mg,m3) states of the three spins,
Le. ’ + ++>7 ’ + +_>a | + _+> etc.

Hint: Add first two spins to resulting intermediate states [j’,m’), and then the third
spin to obtain all states |j, m) for the total angular momentum.

(4 p.)

. The Hamiltonian of a rigid diatomic molecule in a weak magnetic field in the xz-plane is
H = L?/2I + BL, + CL,, where I is the moment of inertia and C'/B = tan § with 6 the
polar angle of the field. For C' < B, find the approximate energy eigenvalues of H in
second order perturbation theory (lowest non-vanishing order).

Hint: Regard Hy = L?/2I + BL, as the unperturbed Hamiltonian and start from its
energy eigenvalues and eigenstates.

(4 p.)

. Calculate in the Born approximation the differential scattering cross section do/dg,
where ¢ is the momentum transfer ¢ = |k — k/|, for scattering of particles with energy
FE = h2k2/2m on the repulsive potential V = Vje~"/%.

Hint: [ drrPe=*" = £ for Re(a) > 0.

aP+

(4 p.)
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Collection of formulae

Angular momentum: Jy = J, £1iJ, Jilj,m) = h\/(j Fm)(jEtm+1)|j,m=E1)
Addition: |j1,jo; 7 = j1 + Jo,m = J) = |71, Jo; M1 = J1, M2 = Ja)

20 F(P)] = ih2E ; [pi, G(3)] = —ih2E

oz
. . 01 0 —1 1 0
Pauli matrices: o; = ( 10 ) Oy = < - ) g = < 0 —1 )
Harmonic oscillator: H = % + smw?a?
a = %(g}ﬁ-%) aT:M%(,I—%) [CL7(IT]:1 N:CLTCL

alny = y/nln —1)  a'|n) = V/n+1jn + 1)

Time-independent perturbation theory:
Non-degenerate eigenvalue

2
1) = 1) 4+ A S KO ey + -+ 3 A = By = B0 = W+ N S oy + -+
Degenerate eigenvalue
10) = €O + Aty 4 ... Ay =AM + 24P 4.
Viiy, Vi - <1(0)‘g(0)> (1(0)|g(0)>
Vog Vg - (20O | _ Aél) (2(0)|¢(0))

Time dependent perturbation theory:
—i oyt it
e = 3 [ =3 [ e v
to

h to
E, —E;
h

Wni =

The Golden Rule: w;_.,, = 2 |V,,;|*6(E, — E;)

The scattering amplitude: f(k',k) = — 23 (247;)3 (K'|T|k) v=re) 2020+ 1) fi(k)Pi(cos0)

Perturbative expansion: T =V + VGtV + ...

Partial wave amplitude: fi(k) = g57(e* — 1) = 1€ sind = 5
Total elastic scattering cross section: o;; = [ | f(k, k)[?dQ VO So(2L+ D)| fi(k)?

Plane wave: (x|k) = Weik'x ,ekx = 5700 (1 + 1)il g, (kr) Py(k - 7)
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Clebsch-Gordan coefficients and spherical harmonics

3 J
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —/8/15. Notation:| ,
1/2x1/2 | H—— N ~ T
=4/ —cos X 5 :
|+1/2+172] 1] o o 1 4r 2x1/2 52 |s/2 372 my mgy | Coefficients
+1/2 -1/2|1/2 1/2| 1 3 [ 12] 132 +3r2 . .
-1/2 +1/2|1/2-1/2|-1 Yl =4/ sinfe¢ +2 -1/2(1/5 4/5] 5/2 3/2
|-172-1/72] 1 8w +1 +1/2|4/5 -1/5 [+1/2 +1/2
5 /3 1 +1-1/2 | 2/5 3/5| 5/2 3/2
0 _ 2
7 Yy = i (5 cos” 6 — 5) 0+1/2 | 3/5 —2/5]-1/2 -1/2
1x1/2 +3/2| 372 172 B 0-1/2| 3/5 2/5| 5/2 3/2
[+x+172]  1l+1/2 +172 Y} =— [22 6in 8 cos § ei® -1 +1/2| 2/5 -3/5|-3/2 -3/2
8m 2 -1-1/2| 4/5 1/5| 5/2
+1-1/2| 1/3 2/3| 3/2 1/2 X
0+1/2| 2/3 -1/3]-1/2 -1/2 1 [15 3/2x1/2 |l 1) |2 vava| s -ass|-sre
IR B i iV o sin® § > [r3/2 +1/2[ 1] +1 +1 [2-12] 1
1172|173 -2y3)-372 4V 2m +3/2-1/2[1/4 3/4] 2 1
ox1[3 gy B +1/2 +1/2[3/4-1/4] 0 o
3] 3 2 3/2x1 ég 52 32 +1/2-1/2(1/2 1/72] 2 1
[#2 +1] 1] +2 +2 [F3/2 11| 1|+3/2 +3/2 -1/2+1/2[1/2-1/2| -1 -1
+2 o0f1/3 2/3] 3 2 1 +3/2 0| 2/5 3/5| 5/2 3/2 1/2 -1/2 -1/2|3/4 1/4] 2
+1 +1(2/3 -1/3| +1 +1 +1 +1/2 +1| 3/5 -2/5|+1/2 +1/2 +1/2 —-3/2 +1/2| 1/4-3/4]-2
+2 -1|1/15 1/3 3/5 +3/2-1(1/10 2/5 1/2 |=372-1/2] 1
1x1]2 +1 0[8/15 1/6-3/10| 3 2 1 +1/2 0| 3/5 1/15 -1/3| 5/2 372 172
2] 2 1 0+1(6/15 -1/2 1/10] © 0 0 -1/2+1(3/10 -8/15 1/6|-1/2 -1/2 -1/2
Jrr +1] 1]+ w2
+1-1]1/5 1/2 3/10 +1/2 -1[3/10 8/15 1/6
+1 o2 172 2 1 o 0 o[3/s o -2/5| 3 2 1 -1/2 0| 3/5 -1/15 -1/3| 5/2 3/2
0o+1f1/2-1/2] o o o -1+1|1/5 -1/2 3/10| -1 -1 -1 -3/2 +1|1/10 -2/5 1/2|-3/2 -3/2
+1-1(1/6 1/2 1/3 0-1/6/15 1/2 1/10 -1/2-1| 3/5 2/5| s5/2
0 ol2/3 o-1/3] 2 1 -1 o|s/15 -1/6-3/10| 3 2 -3/2 0| 2/5 -3/5}-5/2
-1+1l1/6-1/2 1/3) -1 1| -2 +1/1/15 -1/3  3/5| -2 -2 |-372-1] 1
. 0-11/2 1/2] 2 -1-1(2/3 1/3] 3 — —
Y, "= (D)"Y |- o212 -2 . -2 0|1/3-2/3)-3 (j1g2mamaz|j1jaJ M)
| = yme=imé |2-11 = (=1)7 701732 (jy 5y moma | jaj1 TM)

dl
m,0 2041

Spherical Bessel and Neumann functions

oo 1 ei(k:r—lﬂ'/Z) e—i(kr—lW/Q)
gilkr) "= — -

2k r r
. kr—0 1 . sin(kr
qilkr) "= (212+“1)!(/§r)l jo(kr) = %
kr— : COS(KT
ny(kr) 50 _ %W no(kr) = — k(:f )
tan o
Scattering length: a = ap = — llcm(l) %

For inelastic scattering we have do(0 — n) = wy - edan]/Jin
where the transition rate is given by

2w LN% [(mk'
Wie0— [ eddn] = 3 |(k',n|V]k,0)|* (27r> —r dQ
at box normalisation, (x|k,n) = 7375 e’**|n).

elax 47
/ dBSC _— = —
r q



