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. A beam of atoms with total angular momentum j = 1 passes through a Stern-Gerlach
magnet with field in direction n in the xz plane at the angle 8 to the z axis. The outgoing
beam with J, = 4% is selected to pass another Stern-Gerlach magnet with field in the
z direction and is then split into three beams. Determine the relative intensity of these
beams.

(4 p.)

. (a) Specify the unitary time evolution operator U(t,ty).
(b) Give the relation between an observable A in the Heisenberg and Schrodinger pictures.
dAu(t)

(¢) Derive the Heisenberg equation of motion =42 = — [Ay, H].

(4 p.)

. Add the angular momenta j; = 1 and j, = 1 to form all possible states |7, m), of total
angular momentum j, expressed as linear combinations of |jija2;mimse). Explain and
motivate your procedure.

(4 p.)

. An isotropic harmonic oscillator in three dimensions has the Hamiltonian

2 2 2 2
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(a) What are the energies and eigenstates for the ground level and the first excited level?
(b) A perturbation V' = emw?xz is applied. For the states in (a), find the corresponding
zeroth-order energy eigenstates and their energies to first order.

(4 p.)

. (a) Show that for a spherically symmetric potential V (r), the scattering amplitude f(k, k)
in first order Born approximation can be written

sin qr’
/

2m [o°
(g ) — _7/ dr'
f ( ’gb) h2 0 rr qr

V(r')

(b) Calculate the differential scattering cross-section do/df) in Born approximation for
scattering of particles with momentum j = hk on the potential V (r) = —Voe™"/E.

Hint: [(°drre  =1/a? for Re(a) > 0.

(4 p.)
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Collection of formulae

Angular momentum: Jy = J, £1J, Ji|j,m) = h\/(] Fm)(jEtm+1)|j,m+1)
Addition: |1, jo;j = j1 + J2, m = j) = [j1, j2; 1 = J1, ma = J2)

. ) 0 1 0 —i 1 0
Pauli matrices: o; = 10 09 = {0 03 = 0 —1

. . 2
Harmonic oscillator: H = 2~ + %mw%z

a=/22(z+2) ol = /2 (x - 22) [a,al =1 N =dla
aln) = v/nln—1)  dfln) = n+1|n+1)

Time-independent perturbation theory:
Non-degenerate eigenvalue

2
|7’L> = |7’L(0)> + /\Zkyén |k( > (0) (0) + - ; An = En - ET(LO) = )‘Vnn + /\2 Zk;én Er(lo‘)/%kgl(c()) + o
Degenerate eigenvalue
10) = 0O 4 A[eDY 4 ... Ay =AAP 4 x2AP
Vi, Vig - (1@ (1100
Vor Vay - (2100 | A?) (2(0)]¢(0))

Time dependent perturbation theory:
07(10)(75) = 5m
— st .,
) = 3 [vienar = 30 [ et v
h h to
E, — Ei
h

Wni =

The Golden Rule: w;_,, = 2% Vil ?0(E, — E)

The scattering amplitude: f(k',k) = — 2% <k’|T|k> Zl 02l + 1) fi(k)P(cos )

Perturbative expansion: T =V + VGTV + ...

Partial wave amplitude: f(k) = 55 (e*® — 1) = 1™ sin g, =

1
2ik kcot ;—ik

V=V(r)

Am 3020 (21 + )] filk)[?

Total elastic scattering cross section: oy = [ | f(k', k)[*dQ

Plane wave: (x[k) = ggel | ex = 572 (21 4 1)i'jy(kr) Py(k - 7)
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Clebsch-Gordan coefficients and spherical harmonics

J
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —4/8/15. Notation: M M
1/2x1/2 | 1= - o 5, - My g
= 4/-—cos X :
|+1/2+1/2] 1] o o E V 4n 2x1/2 s/2|5/2 3/2 my mgy | Coefficients
+1/2 -1/2(1/2 1/2] 1 3 2172 1f3r2 +3/2 : :
-1/2 +1/2|1/2-1/2}1 v =— o sin 6 e'¢ +2 -1/2|1/5 45| 5/2 3/2
|_1/2 -1/2 +1 +1/2|4/5 -1/5 |+1/2 +1/2
5 /3 +1-1/2 | 2/5 3/5| 5/2 3/2
0 _ 2
372 e Vi (5 cos” 6 — 5) 0+1/2| 3/5 -2/5]|-1/2 -1/2
1x1/2 w2232 12 = 0-1/2| 3/5 2/5| 5/2 3/2
|+1 +1/2 1l+1/2 +1/2 -2 Sln0C050€l¢ -1+1/2| 2/5 -3/5|-3/2 -3/2
“Var 2 -1-1/2| 4/5 1/5| 5/2
+1-1/2| 1/3 2/3| 372 172 3/2%x1/2
0+1/2| 2/3 -1/3|-1/2 -1/2 1 [15 / /2 o7 1 -2 +1/2| 1/5 -4/5|-5/2
2./ =2 sin? g 214 [+3/2 +172] 1] +1 +1 —
0-1/2| 2/3 1/3] 3/2 =4\ 3, sin“fe [2-12] o
—1+1/2| 1/3-2/3|-3/2 +3/2 -1/2(1/4 3/4] 2 1
2x1| 3 1-1/2| 1 +1/2 +1/2[3/4-1/4] 0o o
+3[ 3 2 3/2x1 | 22— +1/2-1/72|1/2 12| 2 1
|+2 #1] 1] +2 +2 [z +a  1|+3/2 +372 -1/2+1/2[1/2 -1/2| -1 -1
+2 o0f1/3 2/3] 3 2 1 +3/2 0| 2/5 3/5]| 5/2 3/2 1/2 -1/2 -1/2| 3/4 1/4| 2
+1 +1[2/3 -1/3| +1  +1 41 +1/2 +1| 3/5 -2/5|+1/2 +1/2 +1/2 -3/2 +1/2| 1/4-3/4]-2
+2 -1(1/15 1/3 3/5 +3/2-1|1/10 2/5 1/2 |-3/2-1/2] 1
1x1]2 +1 0(8/15 1/6-3/10| 3 2 1 +1/2 0| 3/5 1/15 -1/3| 572 372 1/2
+21 2 1] ] o+1|6/15 -1/2 1/10| 0 o0 0 -1/2+13/10 -8/15 1/6|-1/2 -1/2 -1/2
Jrr+1] 1]+ +1
+1-1[1/5 1/2 3/10 +1/2 -1(3/10 8/15 1/6
+1 of1/2 /2| 2 1 o 0 0[3/5 0 -2/5 3 2 1 -1/2 0| 3/5 -1/15 -1/3| 5/2 3/2
0+11/2-1/2] o o o -1+1|1/5 -1/2 3/10] -1 -1 -1 -3/2 +1|1/10 -2/5 1/2}-3/2 -3/2
+1-1{1/6 1/2 1/3 0-1/6/15 1/2 1/10 -1/2-1| 3/5 2/5| 5/2
0 0[2/3 0-1/3| 2 1 -1 0[8/15 -1/6-3/10| 3 2 -3/2 0] 2/5 -3/5|-5/2
-1+1|1/6-1/2 1/3|-1 -1| _ -2 +1|/1/15 -1/3  3/5| -2 -2 [-3/2-1] 1
m 0-1f1/2 1/2) 2 -1-1[2/3 1/3| 3 — —
Y, " =(=0)"Y™ |1 ohyz-1/2|-2 . -2 o|1/3-2/3]-3 (Jrj2mima|jijaJ M)
1o T o it oy .
e a0 = T 222 = (—1)7 =92 (jy jymama | joj1 T M)

Spherical Bessel and Neumann functions

S | ei(krflfr/2) efi(krflﬂ'/Z)
Jilkr) =" o= -

2k r r
] kr—0 ! : sin(kr
aukr) "= (2124:!1)!(k7“)l Jo(kr) = %
mkr) M50 - St no(kr) = — st
tan o,
Scattering length: a = ay = — zlgin(l) %

For inelastic scattering we have do(0 — n) = Wi 0w eian]/Jin
where the transition rate is given by

mk’

2m L\?
wieo-ocana = 5 1KV O (1) (%) do

at box normalisation, (x|k,n) = — e&*|n).
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