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1. A beam of atoms with total angular momentum j = 1 passes through a Stern-Gerlach
magnet with field in direction n̂ in the xz plane at the angle θ to the z axis. The outgoing
beam with Jn = +h̄ is selected to pass another Stern-Gerlach magnet with field in the
z direction and is then split into three beams. Determine the relative intensity of these
beams.

(4 p.)

2. (a) Specify the unitary time evolution operator U(t, t0).
(b) Give the relation between an observable A in the Heisenberg and Schrödinger pictures.

(c) Derive the Heisenberg equation of motion dAH(t)
dt

= 1
ih̄

[AH , H].
(4 p.)

3. Add the angular momenta j1 = 1 and j2 = 1 to form all possible states |j, m〉, of total
angular momentum j, expressed as linear combinations of |j1j2; m1m2〉. Explain and
motivate your procedure.

(4 p.)

4. An isotropic harmonic oscillator in three dimensions has the Hamiltonian

H0 =
p2

x

2m
+

p2
y

2m
+

p2
z

2m
+

mω2

2

(
x2 + y2 + z2

)
.

(a) What are the energies and eigenstates for the ground level and the first excited level?
(b) A perturbation V = εmω2xz is applied. For the states in (a), find the corresponding
zeroth-order energy eigenstates and their energies to first order.

(4 p.)

5. (a) Show that for a spherically symmetric potential V (r), the scattering amplitude f(~k,~k′)
in first order Born approximation can be written

f (1)(θ, φ) = −2m

h̄2

∫ ∞

0
dr′ r′2

sin qr′

qr′
V (r′)

(b) Calculate the differential scattering cross-section dσ/dΩ in Born approximation for

scattering of particles with momentum ~p = h̄~k on the potential V (r) = −V0e
−r/R.

Hint:
∫∞
0 dr r e−ar = 1/a2 for Re(a) > 0.

(4 p.)
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Collection of formulae

Angular momentum: J± = Jx ± iJy J±|j,m〉 = h̄
√

(j ∓m)(j ±m + 1)|j,m± 1〉

Addition: |j1, j2; j = j1 + j2,m = j〉 = |j1, j2; m1 = j1,m2 = j2〉

[xi, F (p̄)] = ih̄ ∂F
∂pi

; [pi, G(x̄)] = −ih̄ ∂G
∂xi

Pauli matrices: σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)

Harmonic oscillator: H = p2

2m
+ 1

2
mω2x2

a =
√

mω
2h̄

(
x + ip

mω

)
a† =

√
mω
2h̄

(
x− ip

mω

)
[a, a†] = 1 N = a†a

a|n〉 =
√

n|n− 1〉 a†|n〉 =
√

n + 1|n + 1〉

Time-independent perturbation theory:
Non-degenerate eigenvalue

|n〉 = |n(0)〉+ λ
∑

k 6=n |k(0)〉 Vkn

E
(0)
n −E

(0)
k

+ · · · ; ∆n ≡ En − E(0)
n = λVnn + λ2 ∑

k 6=n
|Vnk|2

E
(0)
n −E

(0)
k

+ · · ·

Degenerate eigenvalue
|`〉 = |`(0)〉+ λ|`(1)〉+ · · · ∆` = λ∆

(1)
` + λ2∆

(2)
` + · · ·




V11 V12 · · ·
V21 V22 · · ·
...

...
. . .






〈1(0)|`(0)〉
〈2(0)|`(0)〉

...


 = ∆

(1)
`



〈1(0)|`(0)〉
〈2(0)|`(0)〉

...




Time dependent perturbation theory:

c(0)
n (t) = δni

c(1)
n (t) =

−i

h̄

∫ t

t0
〈n|VI(t

′)|i〉dt′ =
−i

h̄

∫ t

t0
eiωnit

′
Vni(t

′)dt′

ωni =
En − Ei

h̄

The Golden Rule: wi→n = 2π
h̄
|Vni|2δ(En − Ei)

The scattering amplitude: f(k′,k) = − 2m
h̄2

(2π)3

4π
〈k′|T |k〉 V =V (r)

=
∑∞

l=0(2l + 1)fl(k)Pl(cos θ)

Perturbative expansion: T = V + V G+V + . . .

Partial wave amplitude: fl(k) = 1
2ik

(e2iδl − 1) = 1
k
eiδl sin δl = 1

k cot δl−ik

Total elastic scattering cross section: σtot =
∫ |f(k′,k)|2dΩ

V =V (r)
= 4π

∑∞
l=0(2l + 1)|fl(k)|2

Plane wave: 〈x|k〉 = 1
(2π)3/2 e

ik·x , eik·x =
∑∞

l=0(2l + 1)iljl(kr)Pl(k̂ · r̂)
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Clebsch-Gordan coefficients and spherical harmonics

31. Clebsch-Gordan coe�cients 131. CLEBSCH-GORDANCOEFFICIENTS, SPHERICALHARMONICS,AND d FUNCTIONSNote: A square-root sign is to be understood over every coe�cient, e.g., for �8=15 read �p8=15.Y 01 =r 34� cos �Y 11 = �r 38� sin � ei�Y 02 =r 54��32 cos2 � � 12�Y 12 = �r 158� sin � cos � ei�Y 22 = 14r 152� sin2 � e2i�

Y �m` = (�1)mY m�` hj1j2m1m2jj1j2JMi= (�1)J�j1�j2hj2j1m2m1jj2j1JMid m̀;0 =r 4�2`+ 1 Y m̀ e�im�d jm0;m = (�1)m�m0d jm;m0 = d j�m;�m0 d 10;0 = cos � d 1=21=2;1=2 = cos �2d 1=21=2;�1=2 = � sin �2 d 11;1 = 1 + cos �2d 11;0 = � sin �p2d 11;�1 = 1� cos �2

d 3=23=2;3=2 = 1 + cos �2 cos �2d 3=23=2;1=2 = �p31 + cos �2 sin �2d 3=23=2;�1=2 = p31� cos �2 cos �2d 3=23=2;�3=2 = �1� cos �2 sin �2d 3=21=2;1=2 = 3 cos � � 12 cos �2d 3=21=2;�1=2 = �3 cos � + 12 sin �2
d 22;2 = �1 + cos �2 �2d 22;1 = �1 + cos �2 sin �d 22;0 = p64 sin2 �d 22;�1 = �1� cos �2 sin �d 22;�2 = �1� cos �2 �2 d 21;1 = 1 + cos �2 (2 cos � � 1)d 21;0 = �r32 sin � cos �d 21;�1 = 1� cos �2 (2 cos � + 1) d 20;0 = �32 cos2 � � 12�
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Figure 31.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (TheTheory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),and Cohen (Tables of the Clebsch-Gordan Coe�cients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coe�cientshere have been calculated using computer programs written independently by Cohen and at LBNL.

Spherical Bessel and Neumann functions

jl(kr)
r→∞→ 1

2ik

[
ei(kr−lπ/2)

r
− e−i(kr−lπ/2)

r

]

jl(kr)
kr→0→ 2ll!

(2l+1)!
(kr)l j0(kr) = sin(kr)

kr

nl(kr)
kr→0→ − (2l)!

2ll!
1

(kr)l+1 n0(kr) = − cos(kr)
kr

Scattering length: a ≡ a0 = − lim
k→0

tan δ0

k

For inelastic scattering we have dσ(0 → n) = wk,0→[k′∈dΩ,n]/jin

where the transition rate is given by

wk,0→[k′∈dΩ,n] =
2π

h̄
|〈k′, n|V |k, 0〉|2

(
L

2π

)3
(

mk′

h̄2

)
dΩ

at box normalisation, 〈x|k, n〉 = 1
L3/2 eik·x|n〉.

∫
d3x

eiq·x

r
=

4π

q2


