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Examination in Quantum Mechanics, advanced course, 2006-10-27

. (a) Define the concept of unitary operator and show that the operator e*", where p is
the momentum operator in one dimension, is unitary.
(b) Show that e?*/"|z') is an eigenstate to the position operator. What is the eigenvalue?
(Hint: Consider [z, e?%/"].)

(4p.)

. A one-dimensional harmonic oscillator is at time ¢ = 0 in the state |, t = 0) = =5 (|0) + [1)),
where |n) are the energy-eigenstates with energy eigenvalues F,, = hw(n + 1/2).

(a) Give the state |, t) at a later time ¢.

(b) For this state, determine the expectation value of the kinetic energy Fjy = p*/2m as

a function of time.
(4 p.)

. A physical system contains two particles with angular momenta Ji and J.
(a) Give the relation between the two bases which is given by the eigenvectors to the
internally commuting operators J?, J;Q, Jiz, J2, (direct product basis) and the operators
J2 J2 J2. J, where J = J; + Js.
(b) Show that the Clebsch-Gordan coefficients are non-zero only if m = m; + my where
mh, mih, moh are the eigenvalues to J,, Ji., Jo..
(c) Let the two particles have angular momenta 1 and 1/2, respectively, which are added to
a total angular mumentum j. Give (with motivation) all resulting states |j, m) expressed
in [j; = 1,my) and [jo = 1/2,my).

(4p.)

. The energy levels for an ion with spin s = 1 in a crystal are determined by the Hamiltonian
operator H = Hy + Hy where Hy = AS? and H, = B(S? — S) is a perturbation.

(a) Find the eigenvectors and corresponding energy eigenvalues to H.

(b) Calculate the first order energy shifts due to H; and derive the corresponding zeroth
order eigenvectors to H.

(4 p.)

. Consider the elastic scattering of particles with mass m and energy E = h%*k*/2m, on
the repulsive spherically symmetric d-shell potential V(r) = Ad(r — R), with A > 0 and
R > 0.

(a) Calculate the differential cross section in Born approximation.

(b) Take the low-energy limit of the scattering amplitude and use this to calculate the
scattering length in Born approximation.

(4 p.)
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Collection of formulae

Angular momentum: Jy = J, £1J, Ji|j,m) = h\/(] Fm)(jEtm+1)|j,m+1)
Addition: |1, jo;j = j1 + J2, m = j) = [j1, j2; 1 = J1, ma = J2)

. ) 0 1 0 —i 1 0
Pauli matrices: o; = 10 09 = {0 03 = 0 —1

. . 2
Harmonic oscillator: H = 2~ + %mw%z

a=/22(z+2) ol = /2 (x - 22) [a,al =1 N =dla
aln) = v/nln—1)  dfln) = n+1|n+1)

Time-independent perturbation theory:
Non-degenerate eigenvalue

2
|7’L> = |7’L(0)> + /\Zkyén |k( > (0) (0) + - ; An = En - ET(LO) = )‘Vnn + /\2 Zk;én Er(lo‘)/%kgl(c()) + o
Degenerate eigenvalue
10) = 0O 4 A[eDY 4 ... Ay =AAP 4 x2AP
Vi, Vig - (1@ (1100
Vor Vay - (2100 | A?) (2(0)]¢(0))

Time dependent perturbation theory:
07(10)(75) = 5m
— st .,
) = 3 [vienar = 30 [ et v
h h to
E, — Ei
h

Wni =

The Golden Rule: w;_,, = 2% Vil ?0(E, — E)

The scattering amplitude: f(k',k) = — 2% <k’|T|k> Zl 02l + 1) fi(k)P(cos )

Perturbative expansion: T =V + VGTV + ...

Partial wave amplitude: f(k) = 55 (e*® — 1) = 1™ sin g, =

1
2ik kcot ;—ik

V=V(r)

Am 3020 (21 + )] filk)[?

Total elastic scattering cross section: oy = [ | f(k', k)[*dQ

Plane wave: (x[k) = ggel | ex = 572 (21 4 1)i'jy(kr) Py(k - 7)
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3 J
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —4/8/15. Notation:| ,
12x12 | H—— S E — "o
= — COS .
[+v2+v2] 1] o o 4 2x1/2 siolsr2 32 my mgy | Coefficients
U2 -Uz2|U2z vz|1 3 o [x2_w2] a2 432
—y2 +y2|v2-v2|1 ——1/— sin § e4¢ +2 -12|Us 45|52 32
|-v2-v2] 1 +1 +1/2|4/5 -U5 [+1/2 +1/2
[5 (Sc 0 ) +1-1/2| 2/5 35| 5/2 32
A7 \2 5 0+1/2 | 3/5-2/5|-12 -1/2
1x1/2 [32 dm 12
+3/2l 32 w2 i5 0-12| 35 2/5| 52 32
|+1 +1/2 112 +1/2 =2 gin@cos ¢ -1+1/2| 2/5 -3/5|-3/2 -3/2
“Ver 2 -1-1/2| 45 15| 5/2
+1-v2| u3s 23| 32 v2 X
0+1/2| 23 -1/3|-1/2-12 1 /18 3/2xU2 Lo |2+v2| vs -ws|-s2
222 gin2 g 219 [+3/2 +v2] 1] +1 +1 2 -v2 1
0-1U2| 23 3| a3z =1V o
-1+1/2| 1/3-2/3}-3/2 +3/2 -1/2|1/4 3/4] 2 1
ox1[3 — +12 +U2[34-v4) 0 o0
+«3] 3 2 3/2x1 +g;§ T 32 +2-v2yz vz 2 1
|z2+1] 1]+2 +2 21 1]+32 +32 -U2+U2(U2-u2] -1 -1
+2 03 2/3 3 2 1 +3/2 o] 25 35|52 32 V2 -1/2-1/2|3/4 14| 2
+1 +112/3 1/3] +1 +1 41 +1/2 +1| 3/5 -2/5|+12 +1/2 +1/2 -3/2 +1/2| 1/4-3/4]-2
+2 -111/15 13 3/5 +3/2-1[1U10 25 12 |-3r2-v2] 1
1x1 |2 +1 0l8/15 v6-310| 3 2 1 +1/2 0| 3/5 115 -v3| 52 32 v2
2] 2 1 0+1|6/15 -1/2 1/10| 0 0O 0 -1/2+1(3/10 -8/15 16|-V2 -2 -12
(refifs + ¥1-1|U5 V2 310 TU2 -1|3/10 815 1/6
+1 o2 v2| 2 1 o oolazs o-2s5| 3 2 1 -12 0| 3/5 -v15 -U3| 52 32
o+1fy2-1v2] 0o 0o o -1+1|U5 -2 0| -1 -1 -1 -3/2 +1|1U10 -25 12|32 -3/2
+1-1|U/6 U2 1/3 0-16/15 1/2 1/10 “12-1| 35 25|52
0o ofzz o-ws|[ 2 1 -1 o|g/15 -16-3/10| 3 2 -3/2 0| 2/5 -3/5 |-5/2
-1+1jye-v2 vs|-1 1] -2 +1|115 -3 35| -2 -2 [z 1
. o-1fyz vz2| 2 -1-1|213 w3 3 — —
Y, ™ = (-1)™Y™ |1 ojy2-v2|-2 . -2 o|v3-23|-3 (j1jemama|j1je JM)
-1 — ™ — — A — .. ..
-1t d;70:\/25+1 f 21 = (—1)7 1732 (jy jymam1 |jaj1 IM)
Spherical Bessel and Neumann functions
1 i(kr—lm/2) —i(kr—Im/2)
. 7T—00 €
gilkr) =" 5 -
2k r r
. kr—0 207! 1 . _ sin(kr)
k) TS0 B (k) o(ke) = otk
kr—0 @) 1 _ cos(kr)
nl(kr) — oI (kr)+T no(k'7°> - kr
. . tan (50
Scattering length: a = ag = — lim ——
k=0 k
For inelastic scattering we have do(0 — n) = Wi 0w eian]/Jin
where the transition rate is given by
vk, o (£) () ao
Wk, 0—[k'edn] — 5 I ) Ry
| 17 h 2 R’
at box normalisation, (x|k,n) = 7 €’**|n).
qu
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