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Name:

Personal number (personnummer):

Program (e.g. T, mat.nat.): Year of registration:

Number of sheets per problem:
1 2 3 4 5

Results: Sum: Grade:
1 2 3 4 5



2 Examination in Quantum Mechanics, advanced course, 2006-10-27

1. (a) Define the concept of unitary operator and show that the operator eipa/h̄, where p is
the momentum operator in one dimension, is unitary.
(b) Show that eipa/h̄|x′〉 is an eigenstate to the position operator. What is the eigenvalue?
(Hint: Consider [x, eipa/h̄].)

(4 p.)

2. A one-dimensional harmonic oscillator is at time t = 0 in the state |α, t = 0〉 = 1√
2
(|0〉+ |1〉),

where |n〉 are the energy-eigenstates with energy eigenvalues En = h̄ω(n + 1/2).
(a) Give the state |α, t〉 at a later time t.
(b) For this state, determine the expectation value of the kinetic energy Ek = p2/2m as
a function of time.

(4 p.)

3. A physical system contains two particles with angular momenta ~J1 and ~J2.
(a) Give the relation between the two bases which is given by the eigenvectors to the

internally commuting operators ~J2
1 , ~J2

2 , J1z, J2z (direct product basis) and the operators
~J2
1 , ~J2

2 , ~J2, Jz where ~J = ~J1 + ~J2.
(b) Show that the Clebsch-Gordan coefficients are non-zero only if m = m1 + m2 where
mh̄,m1h̄,m2h̄ are the eigenvalues to Jz, J1z, J2z.
(c) Let the two particles have angular momenta 1 and 1/2, respectively, which are added to
a total angular mumentum j. Give (with motivation) all resulting states |j, m〉 expressed
in |j1 = 1,m1〉 and |j2 = 1/2,m2〉.

(4 p.)

4. The energy levels for an ion with spin s = 1 in a crystal are determined by the Hamiltonian
operator H = H0 + H1 where H0 = AS2

z and H1 = B(S2
x − S2

y) is a perturbation.
(a) Find the eigenvectors and corresponding energy eigenvalues to H0.
(b) Calculate the first order energy shifts due to H1 and derive the corresponding zeroth
order eigenvectors to H.

(4 p.)

5. Consider the elastic scattering of particles with mass m and energy E = h̄2k2/2m, on
the repulsive spherically symmetric δ-shell potential V (r) = Aδ(r − R), with A > 0 and
R > 0.
(a) Calculate the differential cross section in Born approximation.
(b) Take the low-energy limit of the scattering amplitude and use this to calculate the
scattering length in Born approximation.

(4 p.)
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Collection of formulae

Angular momentum: J± = Jx ± iJy J±|j,m〉 = h̄
√

(j ∓m)(j ±m + 1)|j,m± 1〉

Addition: |j1, j2; j = j1 + j2,m = j〉 = |j1, j2; m1 = j1,m2 = j2〉

[xi, F (p̄)] = ih̄ ∂F
∂pi

; [pi, G(x̄)] = −ih̄ ∂G
∂xi

Pauli matrices: σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)

Harmonic oscillator: H = p2

2m
+ 1

2
mω2x2

a =
√

mω
2h̄

(
x + ip

mω

)
a† =

√
mω
2h̄

(
x− ip

mω

)
[a, a†] = 1 N = a†a

a|n〉 =
√

n|n− 1〉 a†|n〉 =
√

n + 1|n + 1〉

Time-independent perturbation theory:
Non-degenerate eigenvalue

|n〉 = |n(0)〉+ λ
∑

k 6=n |k(0)〉 Vkn

E
(0)
n −E

(0)
k

+ · · · ; ∆n ≡ En − E(0)
n = λVnn + λ2 ∑

k 6=n
|Vnk|2

E
(0)
n −E

(0)
k

+ · · ·

Degenerate eigenvalue
|`〉 = |`(0)〉+ λ|`(1)〉+ · · · ∆` = λ∆

(1)
` + λ2∆

(2)
` + · · ·




V11 V12 · · ·
V21 V22 · · ·
...

...
. . .






〈1(0)|`(0)〉
〈2(0)|`(0)〉

...


 = ∆

(1)
`



〈1(0)|`(0)〉
〈2(0)|`(0)〉

...




Time dependent perturbation theory:

c(0)
n (t) = δni

c(1)
n (t) =

−i

h̄

∫ t

t0
〈n|VI(t

′)|i〉dt′ =
−i

h̄

∫ t

t0
eiωnit

′
Vni(t

′)dt′

ωni =
En − Ei

h̄

The Golden Rule: wi→n = 2π
h̄
|Vni|2δ(En − Ei)

The scattering amplitude: f(k′,k) = − 2m
h̄2

(2π)3

4π
〈k′|T |k〉 V =V (r)

=
∑∞

l=0(2l + 1)fl(k)Pl(cos θ)

Perturbative expansion: T = V + V G+V + . . .

Partial wave amplitude: fl(k) = 1
2ik

(e2iδl − 1) = 1
k
eiδl sin δl = 1

k cot δl−ik

Total elastic scattering cross section: σtot =
∫ |f(k′,k)|2dΩ

V =V (r)
= 4π

∑∞
l=0(2l + 1)|fl(k)|2

Plane wave: 〈x|k〉 = 1
(2π)3/2 e

ik·x , eik·x =
∑∞

l=0(2l + 1)iljl(kr)Pl(k̂ · r̂)
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Clebsch-Gordan coefficients and spherical harmonics
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Spherical Bessel and Neumann functions

jl(kr)
r→∞→ 1

2ik

[
ei(kr−lπ/2)

r
− e−i(kr−lπ/2)

r

]

jl(kr)
kr→0→ 2ll!

(2l+1)!
(kr)l j0(kr) = sin(kr)

kr

nl(kr)
kr→0→ − (2l)!

2ll!
1

(kr)l+1 n0(kr) = − cos(kr)
kr

Scattering length: a ≡ a0 = − lim
k→0

tan δ0

k

For inelastic scattering we have dσ(0 → n) = wk,0→[k′∈dΩ,n]/jin

where the transition rate is given by

wk,0→[k′∈dΩ,n] =
2π

h̄
|〈k′, n|V |k, 0〉|2

(
L

2π

)3
(

mk′

h̄2

)
dΩ

at box normalisation, 〈x|k, n〉 = 1
L3/2 eik·x|n〉.

∫
d3x

eiq·x

r
=

4π

q2


